Towards a Classification of pseudo-Riemannian Geometries 

Admitting Twistor Spinors 

Andree Lischewski 

Abstract 

We show that given a conformal structure whose holonomy representation fixes a totally 
lightlike subspace of arbitrary dimension, there is always a local metric in the conformal 
class off a singular set which is Ricci-isotropic and gives rise to a parallel, totally lightlike 
distribution on the tangent bundle. This generalizes results obtained for lightlike lines and 
planes and naturally applies to parallel spin tractors resp. twistor spinors on conformal spin 
manifolds. In fact, it clarifies which twistor spinors are locally equivalent to parallel spinors. 
Moreover, we study the zero set of a twistor spinor using the curved orbit decomposition for 
parabolic geometries. Generalizing results from the Lorentian case we can completely describe 
the local geometric structure of the zero set, construct a natural projective structure on it, 
and show that locally every twistor spinor with zero is equivalent to a parallel spinor off 
the zero set. An application of these results in low-dimensional split-signatures leads to a 
complete geometric description of local geometries admitting non-generic twistor spinors in 
signatures (3,2) and (3,3) which complements the well-known description of the generic case. 
In contrast to the generic case where generic geometric distributions play an important role, 
the underlying geometries in the non-generic case without zeroes turn out to admit integrable 
distributions. 
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1 Introduction 



In this article we consider a space- and time-oriented, connected pseudo-Riemannian spin manifold 
of signature (p,q). One can canonically associate to this setting the real resp. complex spinor 
bundle S 9 with its Clifford multiplication, denoted by fj, : TM x S 9 -* S 9 , and the Levi-Civita 
connection lifts to a covariant derivative V s on this bundle. Besides the Dirac operator D 9 , 
there is another conformally covariant differential operator acting on spinor fields, obtained by 
performing the spinor covariant derivative V s followed by orthogonal projection onto the kernel 
of Clifford multiplication, 

X7 Sa Q P r O]V„,„ 

P 9 -.T(S 9 ) v - T(T*M9S B )sr(TM9S 8 ) -* Tfkex /x), 

called the twistor operator. Elements of its kernel are called twistor spinors Q, and they are 
equivalently characterized as solutions of the conformally covariant twistor equation 

Vf-V + -X ■ D 9 ip = for all X e X(M). 

n 

In physics, twistor spinors appeared in the context of general relativity and were first introduced 
by R. Penrose in [PR86 . They became of interest in differential geometry as T. Friedrich observed 
that special solutions of the twistor equation, the so called Killing spinors, are related to the first 
eigenvalue of the Dirac operator on a compact Riemannian spin manifold, cf. Fr8l]. Since then 
the twistor equation on Riemannian manifolds has been widely studied, e.g. in [BFKG9I . In 
particular, it is well-known that a Riemannian spin manifold admitting a twistor spinor without 
zeroes is conformally equivalent to an Einstein manifold which admits a parallel or a Killing spinor. 
The zero set in the Riemannian case has been widely studied (cf. }Ha94| . |KR94] ) . It consists of 
isolated points and if a zero exists, the spinor is conformally equivalent to a parallel spinor off the 
zero set. In contrast to the Riemannian and Lorentzian case (cf. |L01j . [BL04] ') . the investigation 
of the twistor equation in other signatures is widely open. The following general questions are of 
interest: 

1. Which pseudo-Riemannian geometries admit nontrivial solutions of the twistor equation ? 

2. How are further properties of twistor spinors related to the underlying geometries ? In 
particular, what are the possible shapes of the zero set Z v c M ? 

3. How can one construct examples of manifolds admitting twistor spinors ? 

This article mainly deals with the first and second question. Some answers are already known: 
Obviously, the simplest subcase of twistor spinors are parallel spinors. |Ka99j gives a complete 
classification of all non-locally symmetric, irreducible pseudo-Riemannian holonomy groups ad- 
mitting parallel spinors. The other extremal case to irreducible acting holonomy is the case of 
a maximal holonomy invariant totally lightlike subspace. This leads to parallel pure spinors on 
pseudo-Riemannian manifolds which are studied in |Ka99j . In split signatures, an explicit normal 
form of the metric is known. Furthermore, there are many examples and classification results for 
geometries admitting Killing spinors (cf. [Bo98 , Ka99 ). Another well- understood case are twistor 
spinors on Einstein spaces. |BFKG9l] shows that in case of nonzero scalar curvature the spinor 
decoposes into a sum of two Killing spinors whereas in case of a Ricci-flat metric the spinor D 9 (p 
is parallel. Also much is known about twistor spinors on Lorentzian manifolds. The most general 
result was obtained by F. Lcitncr in [L07]. One can give up to conformal equivalence a complete list 
of local geometries admitting a twistor spinor off a certain singular set: Depending on the causal 
type of the associated conformal vector field V v one has a parallel spinor on a Brinkmann space, a 
local splitting into a Riemannian and Lorentzian factor, a Lorentzian-Einstein Sasaki structure or 
a Fefferman space. One can use this to deduce that the zero set of a twistor spinor with zero on 
a Lorentzian manifold consists either of isolated images of null-geodesics and off the zero set one 

1 \n the whole article, the term twistor spinor shall always refer to a nontrivial solution of the twistor equation, 
except in cases when we consider the vector space structure of the space of twistor spinors. 
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has a parallel spinor on a Brinkmann space, or the zero set consists of isolated points and off the 
zero set one has a local splitting (R, -dt 2 ) x (N, h), where the last factor is Riemannian Ricci-flat 
Kaehler, in the conformal class. 

As there is no complete classification of manifolds admitting twistor spinors, one often restricts 
oneself to small dimensions in order to find out which geometries play a role there. [BrOOj classifies 
metrics admitting parallel spinor fields in small dimensions. It is moreover known that a Rie- 
mannian 3- manifold admitting a twistor spinor is conformally flat, and a Riemannian 4-manifold 
with twistor spinor is selfdual ( BFKG9I ). In Lorentzian geometry, there is a classification of all 
local geometries admitting twistor spinors without zeroes and constant causal type of the associ- 
ated conformal vector field V v for dimensions n < 7, which can be found in |L01j or |BL04) . In 
signature (2,2), a manifold carrying a nontrivial twistor spinor is locally selfdual or antiselfdual 
( |Gr06j V Furthermore, [HSllj presents a Fefferman construction which starts with a 2-dimensional 
projective structure and produces geometries carrying two pure spin tractors with nontrivial pair- 
ing which leads to Hol(M,c) c SL(3,M.) c 50 + (3,3). HSIO^ investigates (real) generic twistor 
spinors in signature (3,2) and (3,3), being twistor spinors satisfying additionally that the constant 
(!) (ip, Dip) + (signature (3, 3) is also discussed in |Br06j ). They are shown to be in tight relation- 
ship to so called generic 2-distributions on 5-manifolds resp. generic 3-distributions on 6-manifolds, 
that means every generic twistor spinor gives rise to a generic distribution, and conversely, given a 
manifold with generic distribution, one can canonically construct a conformal structure admitting 
a twistor spinor, and these two constructions are inverse to each other. 

Twistor spinors are objects of conformal geometry and (except the Riemannian case) all mentioned 
results in the pseudo-Riemannian context are established by making use of conformal tractor cal- 
culus and by equivalently describing twistor spinors as parallel sections in the spin tractor bundle 
associated to a conformal spin manifold as presented in [BJ10] or |L01j . In this setting, geome- 
tries admitting twistor spinors are equivalently characterized as those conformal spaces (M, c) 
where the lift of the conformal holonomy group Hol(M, c) c SO(p + 1, q + 1) to Spin(p + 1, q + 1) 
stabilizes a nontrivial spinor. A problem closely related to the twistor equation is therefore the 
classification of pseudo-Riemannian conformal holonomy groups which is completely solved only 
in the Riemannian case (cf. |BJ10| ). In arbitrary signatures, one knows a conformal analogue of 
the local de-Rham/Wu-splitting theorem (cf. |L07| ) and all holonomy groups acting transitive and 
irreducible on the Moebius sphere were classified in [All 1J . The most involved case is the situation 
when the holonomy representation fixes a totally lightlike subspace H c R p+1 ' 9+1 . The associated 
local geometries are only known in cases dim H < 2 ( BJ10 , LN11 ). 

This short review makes clear that except from the Riemannian and Lorentzian case the following 
questions are widely open: 

1. Which twistor spinors are equivalent to parallel spinors in arbitrary signature ? 

2. What are the possible shapes of the zero set of a twistor spinors and is every twistor spinor 
locally equivalent to a parallel spinor off the zero set (as it holds in the Riemannian and 
Lorentzian case) ? 

3. What local geometries correspond to the non-generic cases in signatures (3,2) and (3,3) ? 

In this article we provide answers to these questions. First, we study the classification problem for 
conformal holonomy groups and the case that a totally lightlike subspace of dimension > 2 is fixed 
by the holonomy representation: 

Proposition 3.2 If on a conformal manifold (A/, c) there exists a totally lightlike, fc-dimensional 
parallel distribution in the standard tractor bundle, then every point of some open and dense sub- 
set admits a neighborhood U, a metric g^cjj and a k - 1-dimensional totally lightlike distribution 
L c TU such that 



Conversely, if U c M is an open set equipped with a metric g e cjj and a k - 1-dimensional totally 
lightlike distribution L c TU such that JT]) and @ hold, then L gives rise to a fc-dimensional 



Ric 9 (TU) c L, 
L is parallel wrt. V 9 . 



(1) 
(2) 
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totally lightlike, parallel distribution in the standard tractor bundle over U . 

One can apply this to the classification problem for twistor spinors, and we show that a large 
class of twistor spinors is locally equivalent to parallel spinors off a certain singular set. In fact, if 
we have a parallel spin tractor, we can associate via the holonomy principle a holonomy invariant 
spinor v e A p+ i. 9+ i (up to conjugation). As an application of Proposition 3.2 we show that if the 
kernel H v of this spinor under Clifford multiplication with vectors from MP +1 -i +1 is nontrivial, the 
associated twistor spinor is locally conformally equivalent to a parallel spinor off a singular set 
(Proposition 3.3). Also the converse is true. In the remainder of the article we then present two 
main applications of these results: First, we are able to clarify the local structure of the zero set 
of a twistor spinor in arbitrary signatures: 

Theorem 5.3 Let cp e T(S 9 ) be a twistor spinor with zero. Then the zero set Z v is an em- 
bedded, totally lightlike submanifold of dimension ker D 3 ip(x), where the last quantity does not 
depend on the choice of a; € Z v . Moreover, for every x 6 Z v there are open neighborhoods U of x 
in M and V of in T X M such that 

Z ip nU = exp x (ker D 9 ip(x) n V) . 

Besides, we show that the conformal structure canonically induces a torsion-free projective struc- 
ture on the zero set of a twistor spinor (Proposition 5.4). In this regad we mention [Dell] where a 
similar statement is proved for zero set components of certain conformal vector fields. Proposition 

3.2 also enables us to study underlying geometries in case of a twistor spinor with zero off the zero 
set. 

Theorem 5.5 Let <p e T(M,S 9 ) be a twistor spinor admitting a zero. Then there is an open 
dense subset M c M with Z v c M\M and for every x 6 M there is an open neighborhood U x c M 
such that ip can be rescaled to a parallel spinor on U x . 

For p = 2, we obtain a result which is in strong analogy to a similar statement for the Lorentzian 
case from [L01 : 

Proposition 5.7 Let tp 6 T(S 9 ) be a twistor spinor with zero on (M 2 ' n ~ 2 ,g). Then exactly 
one of the following cases occurs: 

1. Z v consists locally of totally lightlike planes. In this case, the spinor is locally equivalent to 
a parallel spinor off the zero set and gives rise to a parallel totally lightlikc 2-form. 

2. Z v consists of isolated images of lightlike geodesies. In this case, the spinor is off the zero 
set locally conformally equivalent to a parallel spinor on a Brinkmann space. 

3. Z v consists of isolated points. In this case there is for each point off the zero set an open 
neighborhood and a local metric in the conformal class such that the resulting space is 
isometric to a product (JJ\,g\) x (t/2,52), where the first factor is Ricci-flat pseudo-Kaehler 
and the second factor (which might be trivial) is Riemannian Ricci-flat. Both factors admit 
a parallel spinor. 

As a second application we study (real) twistor spinors in small dimensions. With Proposition 

3.3 we are able to classify geometries admitting non-generic twistor spinors in signature (3,2) and 
(3,3) which complements the analysis of the generic case from |HSllj : 

Proposition 6.1 Real twistor half-spinors in signature (2,2) without zeroes and real twistor 
(half-) spinors without zeroes in signatures (3,2) and (3,3) satisfying that (<p,D 9 ip) = are locally 
conformally equivalent to parallel spinors (off a singular set). Their associated distributions ker 
ip c TM are integrable (off a singular set). 

We then also study signature (4, 3) and show that every real twistor spinor either locally gives rise 
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to a parallel spinor off a singular set or there is an Einstein metric in the conformal class. Similar 
results can be obtained in signature (4,2). Moreover, the orbit structure of the spinor module in 
these dimensions allows us to describe all possible shapes of the zero set. 

This article is organized as follows: In the first section we provide the elaboration of the funda- 
mental principles and methods to work on the classification problem for twistor spinors in pseudo- 
Riemannian geometry. We start with some algebraic preparations on which pseudo-Riemannian 
spin geometry is based, where we put special emphasis on algebraic Dirac forms a£ e A£ asso- 
ciated to a spinor x 6 Ap 9 , being natural generalisations of the associated vector associated to a 
spinor in Lorentzian signature (cf. |L01j . |BL04j l Given a twistor spinor ip e T(S 9 ) one can then 
apply this construction pointwise to obtain dp e f2 p (A/). This generalizes the associated Dirac 

current V v = (ad) to a twistor spinor as introduced in jLOl) . In [BL04] special properties and the 
possible causal types of V v are shown to stand in direct relationships to underlying geometries. 
Therefore, it is important to understand the algebraic structure of a v x for \ 6 q and arbitrary p. 
Based on this, we define twistor spinors and list some of their elementary properties in section 2.3. 
An elegant way to describe twistor spinors as objects of conformal geometry is the conformal trac- 
tor calculus as developed in |BJ10) or |Fe05j : Via first prolongation, conformal (spin) structures 
correspond to parabolic geometries with the conformal Moebius sphere as homogeneous model. 
Using this construction, we outline how twistor spinors can be equivalently described as parallel 
sections in the conformal spin tractor bundle S^-(M). Section 2.4 then summarizes relevant results 
of the nc-Killing form theory as presented in |L04j : To every spinor field <p we associate the forms 
a r v for every r e N. In the case of tp being a twistor spinor, these forms transform conformally 
covariant and certain properties of a r v are directly related to underlying geometries as shown by 
F. Leitner in |L07j . 

Section 3 is then devoted to the proof of Proposition 3.2. For the proof we use statements from 
|LN11] and the Frobenius Theorem. We then elaborate how this result can be applied to parallel 
spin tractors resp. twistor spinors and show that a twistor spinor is locally equivalent to a parallel 
spinor off a singular set iff the kernel of the associated spin tractor under Clifford multiplication is 
nontrivial. We relate this statement to classification results for twistor spinors for the Lorentzian 
case from |L07] . Moreover, we give an alternative proof under the stronger assumption that the 
algebraic Dirac form associated to the holonomy invariant spinor is decomposable in section 4. In 
particular, this applies to pure spinors and low dimensions. 

Section 5 studies the zero set of a twistor spinor. We use a recent result regarding the so called 
curved orbit decomposition for arbitrary parabolic geometries from ICGHll] in order to relate the 
local zero set structure of an arbitrary twistor spinor to that of a twistor spinor on the homogeneous 
model. The latter set can be explicitly described. This together with other simple observations 
involving nothing but spinor algebra and simple spinor calculus then proves Theorem 5.3. Once 
this is known, it is also straightforward to prove the existence of a natural projective structure on 
the zero set and we show how certain curvature quantities of these geometries are related. We then 
study the geometry off the zero set, where our main results are Theorem 5.5 and Proposition 5.6 
which follow directly from the statements in section 3. 

Finally, we discuss twistor spinors in low dimensions. Algebraic observations regarding the or- 
bit structure of the spinor module A Pi(3 in low dimensions as known from |Br00j directly show that 
Proposition 3.3 applies to non-generic twistor spinors in signatures (3, 2) and (3, 3) which completes 
the analysis in these signatures. Similar calculations are carried out in signatures (4, 3) and (4, 2) 
yielding a local classification of geometries admitting twistor spinors. Moreover, the orbit struc- 
ture of the spinor module allows us to describe all possible forms of the zero set in these signatures. 

Acknowledgement The author gladly acknowledges support from the DFG (SFB 647 - Space 
Time Matter at Humboldt University Berlin). 
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2 Twistor spinors and associated objects 



2.1 The real and complex spinor module 

We consider W ,q , that is, R™, where n = p + q, equipped with a scalar product (•, -) Ptq of index p, 
given by (ej, e.j) p , q = where (ei, e„) denotes the standard basis of M" and ej = ±1 are fixed. 
In general, we should think of (v)p,« as being the pseudo-Euclidean standard scalar product of 
index p, i.e. ej = -1 for 1 < i < p and = +1 for p + 1 < i < n. However, in order to simplify the 
following calculations, we shall work with this more general notion of M. p,q . In what follows, we shall 
also assume that p < q. However, this is only to keep notation short and analogous statements 
are true in case p > q. Let e\ := (ei,-) p , q e (W ,q )* . We denote by Cl VA the Clifford algebra of 
(R n , -(•, -)p^q) and by Cl p q its complexification. It is the associative real or complex algebra with 
unit multiplicatively generated by (ei,...,e„) with the relations e^ej +ej€i = -2{ei,ej) P! q. 
It is well-known (cf. [LM89 ,[Ha9(J) that if p - q ^ lmod 4, there is (up to equivalence) exactly 

one irreducible real representation of C7 Pi9 . If p - q = lmod 4, there are precisely two inequivalent 

c 

real irreducible representations of Cl PA . Furthermore, Cl pq admits up to equivalence exactly one 
irreducible complex representation in case n is even and two such representations if n is odd. In 
case that there are two equivalence classes of irreducible real or complex representations, they can 
be distinguished by the unit volume element as presented in ILM89j : Let ojh : = ei ■ ■ e„ e Cl Ptq 
and u>c '■= ( _ *)^ Ii ^ i ^ Pa -'K 6 C7p q . If p - q = 1 mod 4, each irreducible real representation of C7 Pi9 
or Clp maps ojr to Id or -Id. Both possibilities can occur and the resulting representations 
are inequivalent. The analogous statements are true in the complex case for Cl^ q and n odd (cf. 
Ba81 ). This opens a way to distinguish a up to equivalence unique real resp. complex irreducible 
representation for all Clifford algebras Cl p ^ q and Cl p q by requiring that u> is mapped to Id in case 
n even (K = C) or p - q s 1 mod 4 (K = M). 

Remark 2.1 For concrete calculations we shall make use of the following irreducible, complex 
representation of Clp q : Let E,T,gi and 52 denote the 2x2 matrices 

e= (q 1) ' T= (o 1 1) '- 9i= (! 0) ' 32= (! "o 1 )- 

Furthermore, let 



Let n = 2m. In this case, CI (p, q) 
this isomorphism is given by 

®p,q(e2j-i) = t~2j-i • E ® ... ® E ® g x ® T® ... ® T, 

0-i)x 

%,q{&2j) = T2j ■ E® ... ® E® g 2 ® T® ... ® T. 

Let n = 2m + 1. In this case, there is an isomorphism $ p q : Cl C (p, q) -> M2m(C) © M2m(C), given 
by 

*P, g ( e j) = ( $ P,g-i( e i)> $ P,9-i( e i)). J = l,-,2m, 
^p,g(e2m+l) = 7-2 m +l(iT® ... ® T, -iT ® ... ®T), 

and $ Pi g := pri ° is an irreducible representation mapping luc to Id. 

Remark 2.2 In most cases one considers the standard scalar product on R ra . We work with this 
more general notion of M. p,q only in order to simplify notation and upcoming calculations. The 



[l 6j = -1. 

M2m(C) as complex algebras, and an explicit realisation of 







resulting representations of Cl p q are equivalent. More precisely, consider R p ' 9 with two different 
scalar products (v)i an d (v)2 of signature (p, q) which both satisfy {ei,ei)j = ±1 for i = 1, ... 7 p + q, 
j = 1, 2. Let / : (R™, (•, -> (R™, (•, -)2) be an orientation-preserving isometry such that 

f(e a ) =±ep Va,(3 e{l,...,p + q} 

holds. By the universal property, / can be extended to an isomorphism / : Cl pql := Cl(R n , -(•, -)i) c ■ 
C7(R", -{-, •) 2 ) C =: C pql . Let $i be an irreducible complex representation of CS qi (with $i(u;c) = 1 
if n is odd) on a C-vector space V. Then there is an isomorphism $ : V -*■ V such that 

$i(o) ($(«)) = $($ 2 (/(o))(t>)) 

holds for all a € Cl PA ,\ and w e V. For more details cf. [Ka99 

Fixing an irreducible real or complex representation p : Cl p J -*■ End(A Piq ) and restricting it to 
the spin group Spin{p,q) c C7 Pi9 c C^„ yields a representation of SpirS + '{jp, q)0 on the space of 
real or complex spinors A pq e {A^, Ap q }, called the real or complex spinor representation. One 
possible realisation in the complex case is A^ = C 2 , where n = 2m + 1 or n = 2m (cf . Remark 
12.11) . In case n even (IK = C) or p-q = mod 8 (K = R), A Pi9 splits into the sum of two inequivalent 
Spin(p,q) representations A^ according to the ±1 eigenspaces of uj (cf. Ha90 , Ba81 ). In our 
realisation from Remark 12.11 one can find these half spinor modules as follows: Let us denote by 

u(l) the vector e C 2 , by u(-l) the vector € C 2 and set u(e\, e m ) := u{e m ) ® ... ® it(ei) 

for e„ = ±1. Then we have 

m 

A^'* = span{u(ei, ...,e m ) | \\ ^ = ±1}- 

i/=l 

Note further that CZp^ acts on A P)9 via the representation p, and as R™ c Cl VA c C^ g , this 
defines the Clifford multiplication 

W 1 x A Pi g -> A Pi9 , 

of a vector by a spinor. This multiplication can be extended to a multiplication by fc-forms: Letting 
<*> = T.l<i 1 <...<i h znUh-i k 4 1 A - A 4 k eA p,g := Ak ( RP,q y and f e A p>q , we set 

uJ-<p--= Y, u} n .., lk e ll -...-e lk -ipeA^ q . (3) 

l<ii<...<2^<n 

In the split signatures (m+ l,m) and (m,m) the spinor representations A^ are real (cf. |Ha90| ). 
More precisely, there exists a real structure a on A^ commuting with Clifford multiplication such 
that the real spinor module can be realised to be Ap 1 = {</? 6 A p | a(<p) = ip} c A p q . Setting 
€j = (-l) 3 in these cases, one sees that our realisation of complex Clifford multiplication from 
Remark 12. II is then given by real matrices in the split signatures. Therefore, it restricts to a real 
action of Cl Ptq on R 2 and the real structure a is simply given by complex conjugation. 

Next, we will define Spin + (p, g)-invariant inner products on A^ g , following |Ba81j . To this end, 

we choose an irreducible representation of Cl pq such that A^ can be realised to be C 2t ' ] . Let 
(•) OAp , denote the standard scalar product on this space. Then the bilinear form (•, -) A c 0, given 
by 

(u,v)a% =d-(e n ■ ...-e lp -u,v) A c (4) 



2 By Spirit (p, q) we denote Spin(p,q) or it's identity component Spin + (p,q). 

3 If q > p we instead work with a scalar product which involves ej . with ej. = 1 in the definition. It has analogous 
properties, cf. | Ha90l . 
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where d is some power of i depending on p, q and the concrete realisation of the representation 
only, i\ < ... < i p and = ... = = -1, is a Hermitian scalar product on A^ q . If p, q > 0, it has 
neutral signature and it holds that 

{X-u,v) A c q + (-l) p {u,X-v) A c q =0. (5) 

for all u,v e Ap and X e R". In the real case, we can proceed analogous (cf. KS09^) by choosing 
an irreducible real representation of CZ Pi9 such that as vector space A* can be realised to be M. N 
for some N (cf. |Ha90] ) . We then let (•, denote the standard scalar product on this space and 

define (•, -) a r as in where me may now set d = 1 . (|5]) still holds in the real case. Moreover, 
(v)a e is symmetric if p = 0,1 mod 4 with neutral signature (p + and q + 0) or it is definite 
(p = or q = 0). In case p = 2, 3 mod 4, the pair (A* ? , (•, -} a r ) is a symplectic vector space. 
Using the explicit realisation of Clifford multiplication from Remark 12.11 with the inner product 
(•, -) p . q on W' q given by e$ = for 1 < i < 2p and e; = 1 for i > 2p we have in these cases that 

(u(a, ...,e m ),u(6i, ...,5 m )) *Q iff (ei,...,e p ,e p+ i,...,e m ) = (Si, -5 P , 5 p +i, 6 m ), (6) 

and in case that this scalar product is nonzero, it equals some power of i not depending on ti >p . 

There is an important decomposition of A p+ i jg+ i into Spin(p, q)-modules. Let (eo, e„ + i) denote 
the standard basis of R p+1,9+1 . We introduce lightlike directions e ± := A= (e n+ i ± e ). One then 
has a decomposition = R e _ © rp.« © R e+ f rp+i,9+i i nto 0(p, ,7)-modules. We define the 

annihilation spaces Ann(e±) := {w e A p+ i, g+ i | e ± -v = 0}. It follows that for every u € A p+ i jg+ i there 
is a unique iu e A p+ i i9+ i such that u = e-iv + e + w, leading to a decomposition 

Ap+i^+i = Ann(e-) ffi 4nn(e + ). (7) 

As xe ± = -e ± x for all x e M. p ' q = span(ei, e„) c RP +1 >9 +1 W e see that M. p ' q and Spin(p,q) act on 
Ann(e ± ). We can thus realise A Pi9 as being Ann(e±). Now fix an isomorphism a : Arm(e-) -> 
A Pi9 of Spin(p, g)-representations. Then there is an induced isomorphism j3 : ylnn(e + ) -> A Pi<? , 
w i-> a(e_i') and an isomorphism 

u = e+w + e-W >-*■ (a(e-w), a(e_e+u>)) (9) 

of Spin(p, q) modules. One calculates that wrt. this decomposition the scalar product (•, -)a p+ i „+i 
is given by 

where Vj, Wj e A Pi9 for j = 1,2 and <5 = i in case K = C and i5 = 1 in the real case. 

In general, the orbit structure of A Piq under the Spin + (p,q) action becomes very complicated 
as n = p + q increases. However, in small dimensions the orbits are well understood (cf. |Br00| ). 
and there is one distinguished orbit which turns out to be of particular importance here, namely 
the so called pure spinors (cf. [BrOO , Ka99 , C97 ). In order to define them, we follow [Ka99 . Let 
m = [n/2]. First, we consider the complex case: The Clifford mutliplication can be extended to a 
complex bilinear map C" x A^ q -> A^ q . To each spinor v e A^ we associate the subspaces 

ker c w := {X e C" | X ■ v = 0} and ker v := {X e R n | X ■ v = 0}. 

One checks that kercf is isotropic with respect to the complex linear extension {■,■)„ q of (-,-) P: q, 
and in particular, ker v is isotropic with respect to (•, -) p ,q. Clearly, dim ker v is an Spin{p, g)-orbit 
invariant and it holds that X(g) (ker v) c ker v for all g 6 Spin(p, q) , where A : Spin(p, q) -> SO(p, q) 
denotes the double covering map. A complex spinor v e A^ g is said to be pure if dime kercw = \^~\, 
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i.e., if its kernel under (extended) Clifford multiplication is a maximally isotropic subspace. In this 
case, dimnker v is called the real index of v. Next, we consider the real case and pure spinors in 
Ap i<? . The notion of a real pure spinor can be developed for all signatures (p, q) as explained in 
|BrOO], but we are only interested in pure spinors in the split signatures (m,m) and (m + l,m), 
and in these cases pure spinors in A* can be defined using the complex definition (cf. |Ka99j ): 
Consider the split signatures (m,m) and (m + l,m) and the inclusion of the real spinor module 
A* g c Ap = Ap © *Ap 9 (using a real structure as explained before). Then a spinor v e A* is 
called (real) pure if it is the real or imaginary part of a pure spinor in the complexified module 
Ap which has real index m. So in the following, when talking about pure spinors, we mean either 
the complex case or real pure spinors in split signature. If n = 2m the set of pure spinors in A P)9 
forms precisely one orbit under the Spin + (p,q) action, whereas in case n = 2m pure spinors form 
one orbit in each half spinor module A* . 

Given a real pure spinor x e Ap ? in split signature it holds that up to conjugation in Spin + (p,q) 
the stabilizer under the Spin + (p,q) action is given by 

Stab x Spin + (p, q) = SL(m) * N, (11) 

where N is a certain nilpotent group (cf. [Ka99 ). 

2.2 Associated forms to a spinor 

In the Lorentzian case one can associate to every nonzero spinor a nonvanishing vector, the so 
called Dirac current. Generalizing this construction, we associate to every spinor x 6 Ap i9 a series 
of forms 6 Ap ? , k € N, so called algebraic Dirac forms, given by 

a )p,Q := d k, P ■ ( a ■ X, x)a p ,, Va e A k q . (12) 

dk, P is a nonzero constant depending on the chosen representation but not depending on x, ensuring 
that the so defined form is indeed a real form. The following properties of these forms turn out to 
be important and are easily checked: 

Proposition 2.3 Let x 6 ^p,q an d k e N. 

1. a \ = <=> x = 

2. a k x = 4, P Ei< ll < !2 <...< !t <n £ .i-^(e 1 i ' -ei fc ■X,x)A p , q e\ 1 A - Ae i k for some const ant d k , p . 

3. Equivariance: a k g . x = X(g)(at) for all k e N, g e Spin + (p,q) and x 6 A Pi9 , where A : 
Spin(p, q) -* SO(p, q) denotes the double covering map. 

There is an important relation between the structure of ctP % and ker x' 

Lemma 2.4 Let x 6 A Pj9 \{0} and let k := dim ker %(< p). Then a v x can be written as 

^ = (5a...a;[as, (13) 

where lj e W' q for 1 < j < k such that span {h,...,lk} = ker x (in particular, this implies that 
the lj are lightlike and mutually orthogonal), a e A p ~ fc ((ker x) 1 ) an d (p~5|) is maximal in the 
sense that there exists no lightlike vector l^+i being orthogonal to k for 1 < i < k such that 
a x = A ■•• A 'fe A ^k+i A ^" Moreover, whenever can be written as in (fTS"!) for mutually orthogonal 
lightlike vectors l\, ...,lk, it follows that h,...,lk € ker 

Proof: We may assume that the scalar product on M. p ' q is chosen such that e, = (-1) 3 for j = 1, 2p 
and e, = 1 for j > 2p (cf. Remark l2.2j) . We now fix the complex representation of Clp q from Remark 
12.11 introduce the lightlike directions 

ft ■= &2i-x + e-2i, fi ■= e 2 i-i - e 2 i, 1 < i < p 
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and calculate 



®P,q(fi ) = E ® ••• ®E® ( _° ^] ®T<8) ... ®T. 



(i-l)x 

1 <9l T 

-2 Oj 



(i-l)x 

If the spinor x is given and H := ker x, we can always find 5 e Spin + (p,q) and fc e N such 
that X(g)(H) = span(/* 1 , f? k ) for some #7 e {±1} and j = l,...,k, and therefore, by using the 
equivariance property from Proposition 12.31 we may assume that H = span(/j 5l ; ...,/^ fc ) for some 
Sj = ±1. With respect to the unitary basis u(e) of A Pi9 , the spinor x can be represented as 

X = E a*!,-,"™ ■u(u 1 ,...,p m ), with eC. (14) 

(w 1 ,..., 1 / m )e{±l}"> 



We have 



and consequently, 



/f -M(i/i,...,^ m ) 



|0 5< = i/< 

I (±2) ■ ... , -Ui, i/ m ) 5j = -1 



X= E a "k + i % -"(Ji,... ,5fe,ffe+i,... ,i^ m ). (15) 

(i; fc+ i,...,iA„M±i} m - fc 

We now work with the basis (/f, /{" , ... ,/+ , /~ , e2 P+ i, e n ) ofM p ' 9 . Let (6i,...,6 p ) beap-tuple of 
ordered basis elements. Using the scalar product formula (J5]) it follows that 

(61 • ... • b p -x,x) = 0, unless 6j = /7 J for j = 1, fc. 

But then it is a direct consequence of the definition of a x and the property that (f[ S \bj) + iff 
dj = /?* that 

^(^A»A(jf) l AS 

for some p—k- form a which lives on H 1 . Conversely, suppose that for a given spinor x its associated 
Dirac-p-form can be expressed as in (|13|) . Again, by making use of the equivariance property, 

we may assume that a x = (/f 1 ) a ... a (/f fc ) b A a. We have to show that f?* ■%= 0. The definition 
of a* yields that for all 77 e {±1} P one has that 

(A" 1 • •••• • /;' p • X, X> = unless Vj = -S } for j = 1, k. (16) 

We write x as in (H2) an d let (771, ...,%) * -(5i 5 — ,^fe)- Then (|T6)) translates into 

0= E a^-ifi 1 • -• fp p u{vi,...,v m ),u{ni,...,Hm)) 

However, (ft 1 ■ ... ■ fp p •u(vi,...,v m ),u(fii,...,fi m )) * iff v = \i and (/Ji, = (-771, —,-rjp) as 
follows from the scalar product formula (J6j) , and in these cases the value of the scalar product does 
not depend on the index tuple v. Consequently, 



0= E 



2 



?7i,...,-7(p,t/ p+ i,...,^„ 



(u p+1 ,...,u m ) 



That is, x can be expressed as in (fT5|) and /** • x = for i - 1, k. These two observations prove 
the Proposition. □ 

What can be said about the remainder 5 occuring in (|13l) ? The general answer is not important. 
We are later interested in the special case of being a simple algebraic Dirac form, meaning that 
it can be written as the wedge product of mutually orthogonal 1-forms. In this case one has the 
following: 
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Corollary 2.5 In the setting of Lemma 12.41 assume that a? is simple, i.e. 



0? x = l\ A ... A Ifc Aai A ... A Ctp-k 



kcr x 

for 1-forms on e A* and l±, ...,a p -k are mutually orthogonal. Then all aj have the same causal 
type. 

Proof: We may assume that k < p - 1 sine otherwise the statement is trivial. Moreover, it follows 
from Lemma \2. 41 that no on is lightlike. Suppose that ||ai|| 2 < and ||a2|| 2 > 0. By multiplying x 
with a nonzero constant we may then even assume that ||ai|| 2 = -||a2|| 2 . But then 

a p x = l[f\ ... All A ~ a2 ^ A ^2^ ai + a2 ^ A a3 A ■■• A a P- fc ' 

where the first (k + 1) vectors are lightlike and mutually orthogonal. This contradicts the maxi- 
mality from Lemma 12.41 □ 



Remark 2.6 The previous two statements generalize well known facts about the associated Dirac 
current V x to a spinor \ 6 ^-i,n-\ in the Lorentzian case from jLOlj : It holds that ||V^.|| 2 = implies 
that V x ■ x = being is a special case of Lemma 12.41 and V x is always causal (which is generalized 
by Corollary [ 



Remark 2.7 All possible algebraic Dirac forms a 2 for + <p e A 2 n _ 2 have been classified in |L07| . 
Precisely one of the following cases occurs: 

1. a 2 v = l\A l\, where l±, li span a totally lightlike plane in R 2 '™" 2 . 

2. a 2 = / b a i b where I is lightlike, t is a orthogonal timelike vector. 

3. a 2 = wo (up to conjugation in SO(2, n-2)), where wo is the standard Kaehler form on M 2 '™~ 2 . 
In this case n = 2m and Stab a 2 0(2,n - 2) c C/(l,m - 1). 

4. There is a nontrivial Euclidean subspace E c ]R 2 '™~ 2 such that a 2 = and a 2 is the standard 

Kaehler form on the orthogonal complement E 1 of signature (2,2m) (again, this is up to 
conjugation in SO(2, n - 2)). In this case Stab a 2 0(2, n-2) c U(l,m) x 0(n - 2{m + 1)). 



Lemma 12.41 implies that the first case occurs iff ker <p is maximal, i.e. 2-dimensional. The second 
case occurs iff this kernel is one-dimensional whereas the last two cases can only occur if the kernel 
under Clifford multiplication is trivial. 



2.3 The twistor equation on spinors 

We fix some notations about basic objects from spin geometry (following }Ba81j ) and recall the 
definition and properties of twistor spinors (cf. [BFKG91] ). Let (M,g) be a space-and time- 
oriented, connected pseudo-Riemannian spin manifold of index p and dimension n = p + q > 3. By 
V% we denote the SO + (p, g)-principal bundle of all space-and time-oriented pseudo-orthonormal 
frames^ s = (si, ...,s n ). A spin structure of (M,g) is then given by a A-reduction (Q+,/ 9 ) of V+ 
to the group Spin + (p,q). In particular, f 9 :Q 9 + ^> V% is a 2-fold covering. The associated bundle 
x Spin + (p,q) ^-p,q 1S called the real or complex spinor bundle. In case that - A^ ^ffi A p 9 , 
it holds that S 9 = S 9,+ ffi S 9, ~, and one then has the notion of half-spinor fields. The algebraic 
objects introduced in the last section define fibrewise Clifford multiplication fj, : T*M®S 9 -* S 9 and 
an inner product (•, -)ss . Clearly, the properties of (•, -)a p , translate into corresponding properties 
of (v)s»- Finally, the Levi Civita connection V 9 on (M,g), considered as a bundle connection 

4 In the following, these frames are simply referred to as pseudo-orthonormal. 
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lo 9 e i7 1 ('Pf , o(p, q)), lifts to a connection ui 9 e 51 1 (Qf ,spin(p, g)) which in turn induces a covariant 
derivative V s on S 9 . Locally, V s is given by the formula 

vf <p = X(<p) + i Y, e l £i.9(V^s fc ,s/)s fc s; • V, 

^ l<k<l<n 

for 6 T(S 9 ) and X e X(M), where s = (si, s n ) is any local pseudo-orthonormal frame. 
The composition of V s with Clifford multiplication defines the Dirac operator 

D 9 : T(S 9 ) V -T T(T*M ® S 9 ) 1 T(TM ® S* 9 ) 4- r(5 9 ), 

whereas performing the spinor covariant derivative V s9 followed by orthogonal projection onto the 
kernel of Clifford multiplication gives rise to the twistor operator P 9 

P 9 : T(S 9 ) V -T T(T*M e S 9 ) I T(TM ® S 9 ) PT °^ r(k erA i). 

Spinor fields ip e ker P 9 are called twistor spinors and they are equivalently characterized as 
solutions of the twistor equation 

VxV + -X ■ D 9 Lp = for all X e 3C(M). 

n 

The twistor operator is conformally covariant: Letting 7j = e 2a g be a conformal change of the 
metric, it holds that P 9 <p = (P 9 (e~^ cp)J~. In particular, e r(S* 9 ) is a twistor spinor with 
respect to g if and only if the rescaled spinor e%(p e T(S 9 ) is a twistor spinor with respect to 'g. 
Moreover, the dimension of the space of twistor spinors is conformally invariant and bounded by 
2 [n/2]+i It holds further that ip e T(S 9 ) is a twistor spinor iff the spinor (f> := g(X, X)X ■ Vx<P does 
not depend on the choice of the vector field X with g(X, X) = ±1. Finally, if ip e T(S 9 ) is a twistor 
spinor, it holds that 

V S X S D 9 V =^K 9 {X)^. (17) 
where K 9 = ( r f, cal U Q ~ ^c 9 | denotes the Shouten tensor. 

The previous observations show that twistor spinors are in fact objects of conformal geometry. 
One is therefore intended to develop a concept describing twistor spinors if one has only given 
a conformal class c = [g] instead of a single metric gee. One elegant approach to do this, is 
making use of the conformal tractor calculus as presented in |BJ10| or \Fe05 . To this end, let 
(M, c) be a connected, space-and time-oriented conformal manifold of signature (p,q) and dimen- 
sion n = p + q > 3. We call a frame (si, s„) over x e M a conformal frame if there is g e c such 
that the vectors si,...,s n are pseudo-orthonormal with respect to this metric. Collecting all these 
frames, we obtain the conformal frame bundle (V®,ir°,M;CO + (p 1 q)) with structure group the 
identity component of the conformal group CO(p,q) = M. + x 0(p,q). Using the general theory of 
parabolic geometries (cf. [CS09 ), one shows that the oriented conformal structure (M, c) is equiv- 
alently encoded in a normal parabolic geometrj|f| (Vl,ir, M, uj nc ) of type (G, P) over M, where we 
have the following objects: G = SO(p + 1, q + 1), and the parabolic subgroup P c G is defined as 
follows: Let (eo, e n+ i) denote the standard basis of W p+1 ' q+1 , introduce two lightlike directions 
by setting e± := -^=(e n+ i ± e ) and let P ■= StabR+ e _G, where G acts on M. p+1 ' q+1 via the standard 

matrix action. These algebraic objects describe the flat model (G -*■ G/ P,uj mc ) (with u> MC be- 
ing the Maurer Cartan form) for conformal structures, being a double cover Q p,q := G/P of the 
(pseudo-)Moebius sphere Q p ' q equipped with a flat conformal structure c". We set C p,q := (Q p ' q ,c). 
For a general conformal structure (V+, 7r, M, to nc ) the Cartan connection ui nc € f2 1 (7-^,g) on V\ 
is uniquely determined by certain normalisation conditions (cf. [BJ10]) and called the normal 

°In fact, for our purposes one does not need to introduce the general concept of parabolic geometries for this 
equivalence. For an explicit construction via first prolongation we refer to |BJ10I or IFe05l 
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conformal Cartan connection. It describes the deviation from the flat model. It's extension to a 
principal bundle connection on the principal G-bundle V\ '■= V\y-pG induces a covariant derivative 
V' ic on the standard tractor bundle T(M) := V\ xp W +1 ' q+1 . Furthermore, (v)p+i,g+i induces a 
bundle metric on 7~(M), and V nc turns out to be metric. Therefore, it seems natural to define the 
conformal holonomy of the conformal structure to be the holonomy of this connection 0: 

Hol x (M,c) := Hol x (T(M),V nc ) c SO + (T(M) x , (; •)) = SO + (p + l,q + 1). 

The null line / = Re_ c RP +1 >9 +1 which dehnes the parabolic subgroup P induces a filtration 
I c P c RP +1 >9+i which leads to a filtration X c X 1 c T(M) of T(M). 

Fixing a metric gee leads to a natural reduction a 9 ■ V 9 -* V 1 to the structure group SO + (p,q). 
The standard representation of SO + (p+l, q+1) on RP +1 >9 +1 splits into the direct sum of 3 SO + (p, q) 
representations: 



jjp+i.g+i ^ R © f 
This in turn leads to an isomorphism 



p,i , 



with ae_ + Y + be+ h> (a, 1", 6) . 



T(M) I MffiTAf ffi M. 



(18) 



With respect to this identification we have that X = M_ ffi ffi and X 1 = M © TM © 0. In particular, 
we can use g to identify sections s e r(7~(M)) with triples (a,Y,/3), where a,/3 e C°°(Af) and 
Y e 3t(M). Under this identification, the bundle metric is given by 



(19) 



and one has the following formulas for the metric description of the tractor connection V nc and its 
curvature i? v : 



la\ I X(a)+K 9 (X,Y) \ 
Y = \ V 9 X Y + aX-(3K 9 {X)\ 
\P) \ X(/3)-g(X,Y) ) 



and R vnC (X 1 ,X 2 )\ Y 
1/3/ 



' C°(X U X 2 )Y \ 

W 9 (X 1 ,X 2 )Y-PC 9 (X 1 ,X 2 ) 

(20) 



/ 



where C 9 (X,Y) := V 9 X (K 9 )(Y) - V 9 Y (K 9 )(X) defines the Cotton-tensor and W 9 is the Weyl- 
tensor of the conformal structure. Under a conformal change 7j = e 2l7 g, the metric representation 
of a standard tractor transforms according to 



(a) 






/ e - CT (a-r(a)-i/3||gradV||2\ 


kl 




Y 


e- a (Y + ^grad 9 cr) 






\P 1 


\ e°$ ) 



(21) 



An analogous first prolongation procedure can be carried out in the conformal spin setting (cf. 
|BJ10j ). Let CSpin( + \p,q) = K + x Spin^ + \p,q) denote the (identity component of) the confor- 
mal spin group, coming together with a double covering A : CSpin + (p,q) -> CO + (p,q). (G = 
X~ 1 (G),P = A _1 (P)) is the pair on which conformal spin structures are modelled as parabolic 
geometries. The Cartan geometry (G -*■ G/P = Q p,q ,ui MC ) is the flat model and can be viewed as 
the space C p,q equipped with a conformal spin structure (cf. [L07 ). For concrete calculations we 
use a realisation of the flat model preseted in [LOlj : Q p,q is isomorphic to the set of time-oriented 
null directions in W +1 > q+1 . It is naturally embedded in RP +1 >9 +1 via 



l : ' 



l p+1 ' q+1 , where tt+ • x h* 



• X 



(22) 



and where (v)n+2 denotes the standard Euclidean inner product. One checks that i(Q p,q ) = 
S p xS q c R°' p+1 x R°-9 +1 . It holds that c = -Jp+i.g+i], yielding the conformally flat conformal 



6 For a slightly different, but in our case equivalent approach to define the holonomy of a Cartan connection we 
refer to IBJ10I 
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spin manifold C p,q = (Q p ' 9 ,c), which realises the flat model for conformal spin structures of index 
p. Suppose now that (M, c) carries a conformal spin structure, being a A°-reduction (Q+,/°) of 
the bundle V+ to CSpin + (p,q). In analogy with the previous case, this geometric structure is 
via first prolongation equivalently encoded in a parabolic geometry (Q]_,tt, M, uj nc ) of type (G, P) 
such that one has the following double coverings: 

(Q 9 +;Spin + (p,q)) ^ (Q° + ;CSpin + (p,q)) ~ (Q\,^) (G, P) 
f 9 I f°l f 1 I A | 

(V g + ;SO + ( P ,q)) ^ (V°;CO + ( P ,q)) - (VluJ nc ) (G,P) 

The normal conformal spin connection ui nc e il 1 (Q^,spin(p+l,q , + l)) induces a covariant derivative 
- also denoted by V nc - on the (real or complex conformal) spin tractor bundle Sf(M) := Q\ xp 
Ap+i^+i. Furthermore, one has in analogy to the metric setting an inner product (•, -)<s on this 
bundle, and a pointwise Clifford multiplication fi(X,ip) := X ■ ip of sections X e T(T(M)) and 

spinor fields V e T(S r (M)) ■ 

Fixing a metric gee leads to a reduction a 9 : Q 9 -> <2+ of (Q*, P) to (Qf , Spin + (p, q)). We let Q} 
denote the enlarged £pm + (p+l, g+l)-principal bundle, and asS-r(M) = Qjxspi n +(p+i,g+i) A p+ i )g+ i, 
we may use g to identify 

Q 9 + x poi cs A p+ i i9+ i = S r (M), 

[l,v]^[[<r g (l),e],v], 

where i cs : Spin(p, q) ^ Spin(p + l,q+ 1) denotes the natural inclusion, and e e Spin(p + l,q+ 1) 
is the neutral element. The decomposition ([9]) of A p+ i induces projections proj| : S-j-(M) -*■ 
Q+ x Spin(p,q) Ann(e±) and an vector bundle isomorphism 

$ 9 : S T (M) - S 9 (M) e S 9 (M), (23) 
[[cr 9 (0,e],e_w + e + w] h- [J }J 8(e + io)] + [/, a(e_w)]. (24) 

One calculates that under the identification [Ml V" c is given by the expression (cf. |BJ10j ) 

Together with (jTTJ) this yields a reinterpretation of twistor spinors in terms of conformal Cartan 
geometry: 

Theorem 2.8 Let (M, c) be a connected, space- and time-oriented conformal spin manifold of 
dimension n > 3. For any metric gee, the vector spaces of twistor spinors in T(S 9 ) and parallel 
sections in T(S^-(M)) are naturally isomorphic via 

ker P 9 -* T(S 9 (M) e S 9 (M )) ( *s ' r(5 r (M)), ^ h* ( i^J, J * ^ e Par(«S r (M), V™ c ), 

i.e. a spin tractor ip e T(St(M)) is parallel iff for one (and hence for all g e c), it holds that 
if := $ 9 o proj 9 V> 6 ker P 9 and D 9 <y9 = n • <I> 9 o proj 9, 0. 

2.4 The twistor equation on forms 

In the Lorentzian case, it has paid off to associate to every spinor field if e r(5' 9 ) a vector field 
Vf € £(M), the so called Dirac current, as done in BL04 ,[L01 . The zero sets of these objects 
coincide, i.e. Z v = Zy^ . If ip is a twistor spinor, then V v is a conformal vector field and Lorentzian 
geometries admitting twistor spinors can partially be classified by studying the behaviour of V v , 
cf. |BL04j for details. This procedure can be generalized to arbitrary signatures by making use of 
the nc-Killing form theory as presented in |L04j or |L07j . We list some later needed facts: 
A global version of ([T2l associates to a spinor field ip e r(S' 9 ) a fc-form e f2 fe (M) for each k e N 
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with = Z a p. In the special case k = 1, it holds that a] p = V^ > . If <p is a twistor spinor, the forms 
turn out to be normal conformal ( nc- ) Killing k-forms, meaning that they are conformal Killing 
forms, 

Viod - -^—X^dat, + X b a d*ai = 0, for all X e X(M), 

v k + 1 v n - k + 1 v 

which satisfy additional normalisation conditions as to be found in |L01] . One checks that if a. - 
is a nc-Killing £;-form wrt. g 7 then the rescaled form 

— . (k+l)a k k /or-\ 

a ■= e v ' cx.„ = a cr _ (25) 

is a nc-Killing /c-form wrt. <? = e 2(T g. 

On the other hand, if we view the twistor spinor as parallel spin tractor ip e Par(S, V ,lc ), we can 
also associated to this object a series of forms. In order to define them, we introduce the tractor k- 
form bundle Aj-(M) := V\ xp A^ +1 +1 . Sections, i.e. elements of fipi(M) := T(A k r (M)) are called 
tractor k-forms on M . Clearly, the standard scalar product on A k +1 q+1 induces a bundle metric 
on this space and the normal conformal Cartan connection uS ac leads to a covariant derivative V" c . 
Again, (fT2)l can be applied pointwise, and in this way, a series of tractor forms a 1 ! is associated to 
every spin tractor ip e T(S). In the special case of ip being parallel, ajjj, turns out to be parallel as 
well. Parallel tractor fc-forms are called (normal) twistor k-forms. 

Fixing a metric in the conformal class leads to the following description of tractor fc-forms: First, 
note that every form a e A£*J +1 decomposes into 

OL — 6_ A CL- + CYq + 6_ A A OL^ + e'j. A CL+ (26) 

for uniquely determined forms a_,a + e Ap 9 ,ao e A^* 1 and a T e Ap" 1 . This defines an isomorphism 
of 0(p, <?)-modules 

a k+1 ^ a k ~. \k+l ~. A k—1 -j. a k 
7V p+l,g+l = IY p,q W iV p, ? Wii p,9 Wii p,q- 

Now we can reduce V\ to 7-*+ with structure group SO + (p,g) and see that there is an isomorphism 

A^ +1 (M) I A fc (A7) e A fc+1 (M) e A fe_1 (M) © A fc (M), and consequently, each tractor (k + l)-form 

a e fife 1 (M) uniquely corresponds via a fixed metric g e c to a set of differential forms a *^ 
(et-,ao,a T ,a + ), where a_,a + € Q k (M),a e Q k+1 (M),a T e f2 fc_1 (Af). We can also write this as 

a = si A a- + <xq + st A s+ a a T + s\_ a a + , (27) 

cf. the pointwise construction (|26l) . i.e. the s ± are global lightlike sections in the line bundles in 

T{M) I M_®TM®M_ induced by e ± . By making use of the transformation formulas for conformal 
standard tractors (|21[) , it is straightforward to calculate that given two metrics g and ~g = e 2<T g in 

the 
by 



the conformal class such that (a- 7 ao,a T ,a+) ** a ** ao, a T , a+), the various forms are related 



3L = e (fc+1)CT a_ (28) 
5o = e (fc+i)^( ao _ dcrAQ! _) (29) 



a=F = e 



5 + = e< fc 



(fc-l)(T 



((dcr)«-a_ +a T ) (30) 
~ 1)a {da a grad 9 -a_ + ^1 + ie 2<T j ||dcr||ga_ - (da)^a + da A a T + a + j (31) 



With respect to the splitting (|2"T)) . the covariant tractor derivative V™ c on r(A2? ' 9+ (M)) is given 

by 



r-iTlC 9_ 
\ X ~ 



I -A- A b A \ 

K 9 (XyA +V 9 X A b A 

K 9 (X)^ X- 

\ K g (X)^ K 9 {xy a v 9 x ) 
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Using this expression, it is straightforward to calculate that if a is a normal twistor (k + l)-form, 
then a_ is a nc-Killing fc-form and ao,a T ,a+ are uniquely determined by a_. On the other hand, 
given a nc-Killing fc-form a e Q k (M) wrt. the metric g, there is a unique twistor (fc + l)-form 
a k+1 € 0~V(M) such that (a fe+1 )_ = a holds. We abbreviate this one-to-one correspondence by 

a «-»• a k+1 . Now let ip e T(S 9 ) be a twistor spinor with associated parallel spin tractor ip e T(iS). 
Then it is straightforward to calculate that wrt. gee 



{a k+1 )_ = d 1 -a k and (a k+1 ) 



: d 2 ■ a Dg 



where are nonzero constants not depending on ip (cf. |L09j ). Moreover, it holds that 



ifi(x) = : 
D 9 (p(x) = • 



a k J 1 (x) = d 2 s{(x)Aa k D9 (x), 



k+1 (x) = d lS l(x)Aa k v (x). 



(32) 

(33) 
(34) 



fc+1 



Note that these formulas determine the SO(p + l,q + 1) orbit type of the parallel form a: 
all of M. The existence of certain normal twistor forms has many interesting implications on the 
(local) geometry of M (cf. [L07j ). We later need the following result: 

Lemma 2.9 ( |L04p Let a k+1 e fl^^M) be a decomposable twistor (fc + l)-form with totally 
lightlike nc-Killing forms a_ i.e. a = l\ a ... a /fc for lightlike, mutually orthogonal 

1-forms h, Ik- Then there is locally around each point a metric gee with V 9 a k = 0. 



To summarize, one has the following implications between the objects introduced so far: 
<p e r(Sf)TS V e r(5 r (M)) ^ e A p+1>q+1 



nc-Killing 



normal twistor 



cond. for 

alg. Dirac Hol(M,c) 
cond.foi> 



Hol-Pr. r i gA P t l 



■ or 



p+l,(J+l 



3 Geometries admitting totally lightlike, holonomy-invariant 
subspaces 

Let ip e T(S(M)) be a parallel spin tractor. We set T-L^ x ) ■= {v e T X (M) \ v ■ ip(x) = 0}. This leads 
to a totally lightlike and parallel distribution H.^, c T(M). We want to prove that the twistor 
spinor induced by ip via fixing a metric in the conformal class is locally equivalent to a parallel 
spinor iff H^, is nontrivial. Main ingredient is the following statement about totally lightlike parallel 
distributions in the standard tractor bundle: 



Proposition 3.1 Let (M, c) be a conformal manifold of dimension > 3 and let H. c T(M) be a 
totally lightlike distribution of dimension fc > 1 which is parallel wrt. the Cartan connection V ,lc . 
Then there is an open, dense subset M c M such that for every point x 6 M there is an open 
neighborhood U x c M and a metric g e c\jj x such that wrt. the splitting (|18l) T~L is locally given by 



span 





/0\\ 





W 



(35) 



for lightlike vectorfields Ki e X(U X ). 



7 Note that by (1256 this requirement does not depend on the choice of g e c 
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Proof: If fc = 1, this is a well known fact (cf. [BJ1Q]). We can adopt parts of the (first steps of the) 
proof and the notation from |LNllj where the statement is proved for fc = 2 and we may then also 
assume that k > 2. However, we later use a different method. To start with, we set £ := I 1 n T-L, 
where X is the isotropic line defining the parabolic subgroup P. With respect to g e c one has that 

Note that L := pr TM £ c TM is conformally invariant. 

\0/J 

Step 1: 

We claim that there is an open, dense subset M c M such that rk Cm = k - 1: Note that £ + {0} 
as otherwise Ti would have rank 1. Moreover, there is no open set in M on which rk £ = k as 
follows from Lemma 2 in [LNllj . Consequently, there is an open, dense subset (which we again 
call M) over which < rk £ < k. Now let x e M and fix a basis L\, ...,L S of £ x , where s < k- 1. 







(a) 






XeH\X = 


fc) 


! 











0/ 



for 1 < I < k - s such that Li, L s , Zi, Zh- S is a basis of of Ti x 



We may add tractors Zi = \Yi 

We know that fc — s > 1. If k — s > 1 we may form new basis vectors Zi + Zi and Z\— Zi. However, 
Zi - Zi e £ x . Thus, k - s = 1, which shows that rk C x = k - 1. 



Step 2: 

We claim that also L = pi TM £ has rank fc - 1 locally around each point x € M. To this 
end, let g 6 c be arbitrary. Then we choose generators of £ around x such that locally C = 



span 



f ai\ 
v / 



\ / 



We may assume that o\{x) + 0. Otherwise, we find (p e C°°(M) with 



Ki(ip)(x) + and consider the metric ~g = e 2v g instead (cf. ([T5| '). Moreover, we may by rescal- 
ing the generators assume that there is a neighborhood U of x on which a\ = 1 and \ai\ < 1 for 
i = 2,...,fc-l. By linear algebra we then see that there are lightlike vectorficlds Ki for i = 1, k - 1 
such that wrt. g on U 









/ \ 




f ) 




r 9 

£ = span 


1(1) 






, . . . , 


K k -i 














\ o j 


J 



(36) 



Suppose now that there is an open set on which I e £. Differentiating in direction X e TM yields 

w 



€ T-L for all X as T-L is parallel. This is not possible for dimensional reasons. 



Consequently, on an open and dense subset the vectors Ki, K^-i are linearly independent and 
as L = span(Xi, ...,Kk-i) this shows that there is an open and dense subset of M on which the 
rank of L is maximal. 





(1) 






that V™ 







X 




VV 







Step 3: 

It follows precisely as in the fc = 2-case from [LNllj . Lemma 3 and 4, that L 1 = pr TM (T-L 1 nl 1 ) 



Step 4 : 

In the setting of Step 2 we consider the local representation (j36|) of £ wrt. g and set L' := 
span (K2, ...,Kk-i). Both L and L' are integrable distributions: Let i,j e {2,...,fc-l}. As Ti is 

/0\ /-PS(K t ,K 3 )\ 
parallel and totally lightlike we have that V/f, I Kj = V 9 K .Kj 

\Q) [-giKlKj)) 



eT(£). Switching the roles 



'In this proof, in order to keep notation short, whenever we restrict to an open, dense subset we again call it M. 
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/ o \ 

of i and j and taking the difference yields I [Ki,Kj] 
shows that even 



6 Thus [Ki,Kj] € V. Similarly one 



[K u L']cL' 



(37) 



Step 5: 

We now apply Frobenius Theorem: For every (fixed) point y of (an open and dense subset of ) M 
we find a local chart (U, <p = (xi, x n )) centered at y with ip(U) = {(xi,...,x n ) e R n \ \xi\ < e} 



such that the leaves A c 



{a £ U | Xk(a) = C\, ...,x n (a) = c„} c {/ are integral manifolds for 



L for every choice of Cj with |cj| < e. It holds that L[/ = span ( g^-,..., - ^ and moreover the 
coordinates may be chosen such that K\ = over U. After applying some linear algebra to the 
generators of L' and restricting U if necessary, we may assume that generators of L' are given on 
Uhy 



99 
Ki>2 = an- — + — 

ox i axi 

for certain smooth functions on e C°°(U). The integrability condition (j37|) implies that 

d 



dx\ 



a, = for i = 2, k - 1. 



The integrability of L' and (f3"51) then yield that 



(9 



d 



— ctj - - — q, = for i,j = 2, ...,k - 1. 

axi oxj 



For fixed Ck, ...,c„ as above we consider the submanifold t4 c 



and the differential form 



a := - ondxi e tt 1 (A ct!j ... jC „) , 

i=l 



(38) 



(39) 



(40) 



(41) 



where the a^>2 are restrictions of the functions appearing in (1381) and we set a.\ = -1. (|39l) and (|40|) 
yield that cia = 0. Whence there exists by the Poincare Lemma (after restricting U if necessary) a 
unique cr Cfc ,..., c „ e C°° (A Ckl ,„ lCn ) with cr Cfc ,...x„(^ _1 (0, 0, c k , c„)) = and 



9 

<7 r , r =1, 



-ai for i = 2, k - 1. 



(42) 
(43) 



We then define ct e C°°{U) via cr(<^ (sci, ....,x„)) := crx fc ,...,2;„(¥ 5 (^lj ••• ) ^n)) and observe that on 
U 



d 
dxi 
d 

dxi 



(7=1, 

cr = -a; for i = 2, k - 1. 



(44) 
(45) 



(13^1) and (|31)|) imply that on [/ i^i(<7) = 1 and Ki(a) = for i = 2, fc - 1. We now consider the 
rescaled metric 7} = e 2<T g on U . The transformation formula (f2"T|) and (|45l) then show that wrt. this 
metric C is given by 



(('] 

Cu = span I I Ki 

\\o/ 



/ \ 

K k -i 
\ o / 



(46) 
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We may add one generator I X 

w 



e T(U,'H) such that pointwise (wrt. g) H = C ffi span I X 

u 



It 



follows that XeL 1 . By step 3 there exists a smooth function b on U with X = pr TM 



'6\ 

X 



e W 1 . As H is lightlike, it follows that b = (3. Therefore we have that 



/0\ 



w 



X 



and 



e H 1 over U. 



However, this implies that /3 = 0. dim H + dim T-L 1 = n + 2 and dimension count show that X has 
to be a linear combination of the Ki, i = 1, k — 1, and passing to new generators then proves the 
Proposition. □ 



We study some consequences. In the setting of Proposition 13.11 we have that T-L is parallel 

iff W 1 is parallel. Locally, we have wrt. the metric appearing in Propostion 13.11 that H 1 = 
I i n \ \ 









\ 


span 


; 


F) 


\XeL L 






{<*) 


) 



It 



follows that T-L 1 is parallel iff 













■I 









-Pa(X,Y) 
V 9 Y X + aP 9 (Y) 



\ 



er(/7,'H i ) 



for all X e T(U, L L ) and Y 6 X(U). This is equivalent to parallelity of L, P 9 {X) = for all X e L 1 
and P 9 (TM) c L. As in |Le05j we conclude that the scalar curvature is zero. Thus we have proved 
the following Proposition. 



Proposition 3.2 If on a conformal manifold (M,c) there exists a totally lightlike, fc-dimensional 
parallel distribution in 7"(M), then every point of some open and dense subset admits a neigh- 
borhood U, a metric g e cjj and a k - 1-dimensional totally lightlike distribution L c TU such 
that 



Ric 9 (TU) c L, 
L is parallel wrt. V 9 . 



(47) 
(48) 



Conversely, if U c M is an open set equipped with a metric g t cjj and a k - 1-dimensional totally 
lightlike distribution L c TU such that (14"T|) and (14"51) hold, then L gives rise to a fc-dimensional 



totally lightlike, parallel distribution 



/0\ 
L 
W 



ffi span 



/0\ 



W 



in T(U). 



In case k = 1, this means that there is locally a Ricci-fiat metric in the conformal class. In case k = 2 
this describes conformal pure radiation metric with parallel rays as discussed in jLNll) . Proposition 
l3.2l also generalizes results from |L04| where the statement is proved under the additional condition 
that the totally lightlike distribution arises from a decomposable, totally lightlike twistor fc-form. 
One proves precisely as in [LN11] . Remark 2, that in the setting of Proposition 13.11 one gets the 
conformally invariant curvature condition 

W 9 (L,L 1 ,-,-) = 

for the Weyl tensor for the existence of a totally lightlike, parallel null-plane in the tractor bundle. 

We now apply these results to the case of twistor spinors on conformal spin manifolds. Let ip e r(<S) 
be a parallel spin tractor on (M p ' q ,c) and for g e c let ip 6 T(S 9 ) be the associated twistor spinor. 
As ip is parallel, the pointwise kernel of Clifford multiplication ker ip(x) = {v e T X (M) | vi(j(x) = 0} 
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yields a totally lightlike and parallel distribution T-L^ c 7~(M). Similarly, if even tp is parallel, we 
get a totally lightlike, parallel distribution L v c TM . One then has the following immediate 
consequence from Proposition [33] 



Proposition 3.3 If tp e r(<S) is a parallel spin tractor with H^p + 0, then there is an open and 
dense subset M c M such that on M the associated twistor spinor is locally conformally equivalent 
to a parallel spinor. 



Proof: We notice that Proposition 13.11 yields the desired M and for x e M a neighborhood U and 
a local metric <7;y € qj such that s+ € T-L^ u . If we decompose ip on J7 wrt. the metric g as in 
Theorem 12.81 i.e. ipp = [[o~ 9 (l),e] ,e_u> + e+w] for some function w :U -*■ A p+ i. 9+ i, it follows that 
e + e_u> = on E/ which implies that e_w = 0. However, by Theorem l2.8l it follows that on U we have 
D 9 , = proj? (ip) = 0. Thus, tp is on U both harmonic and a twistor spinor and therefore parallel wrt. 
g. □ 

Note that by the same argumentation as in the last proof every parallel spinor T(S 9 ) b tp +*■ ip e T(S) 
satisfies + 0. Whence, Proposition 13.31 yields locally an equivalent characterisation of those 
parallel spin tractors which lead to parallel spinors in terms of conformally invariant objects. 
Moreover, Proposition 13.31 admits several further consequences and applications which contribute 
to the classification problem for local geometries admitting twistor spinors on pseudo-Riemannian 
manifolds. We first describe how it is related to and generalizes other results obtained for the 
Riemannian and Lorentzian case: 

For a Riemannian spin manifold (M n ,g) with twistor spinor tp one has that (M\Z v ,'g = jj^jjrj is 

an Einstein space of nonnegative scalar curvature R. If R > 0, then the rescaled spinor decomposes 
into a sum of two Killing spinors whereas in case R = one has a Ricci-flat metric with parallel 
spinor. Proposition 13.31 precisely describes the last case in which dim H-<p = 1. For the Lorentzian 
case, Lemma \2. 41 yields a relation between Proposition 13.31 and the classificaion of twistor spinors 
on Lorentzian manifolds using the nc-Killingform theory in [L07| . 

Theorem 3.4 ( |L07| ; Thm.10) Let ip e T(S^) be a spinor on a Lorentzian spin manifold of 
dimension n > 3. Then one of the following holds on an open and dense subset M c M: 

1. eta = l\ a ^ for standard tractors lx,l% which span a totally lightlike plane. 

In this case, ip is locally conformally equivalent to a parallel spinor with lightlike Dirac current 
V v on a Brinkmann space. 

2. aa = Z b a t b where / is a lightlike, t is an orthogonal, timelike standard tractor. 

(M,g) is locally conformally equivalent to (R,-dt 2 ) x (Ni,hi) x ••• x (N r ,h r ), where the 
(Ni,hi) are Ricci-flat Kahler, hyper-Kahler, G*2-or S'pm(7)-manifolds. 

3. a^p is of Kaehler-type at every point (cf. Remark |2~7|) . 
The following cases can occur: 

(a) The dimension n is odd and the space is locally equivalent to a Lorentzian Einstein- 
Sasaki manifold. 

(b) n is even and (M,g) is locally conformally equivalent to a Fefferman space. 

(c) «k is a volume form on a nondgenerate subbundle V c 7~(M). Then there exists locally 
a product metric g\ x g 2 € [g] on M , where 171 is a Lorentzian Einstein- Sasaki metric 
on a space M\ of dimension n\ = 2 • rk(a±(ip)) + 1 admitting a Killing spinor and g 2 
is a Riemannian Einstein metric with Killing spinor on a space M2 of positive scalar 
curvature seal 92 = ("-"iK"-"!' 1 ) seal 91 . 

ni(ni-l) 



Lemma 12.41 shows us that + occurs exactly in the first two cases in which we get a parallel 
spinor as also follows from Proposition 13.31 In the third case, it holds that dim = and the 
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spinor cannot be rescaled to a parallel spinor. 



We describe further geometric consequences implied by Propositon l3.3l As ip can locally be rescaled 
to a parallel spinor, the vanishing of the torsion of V 9 implies as a global consequence that L v 
is an integrable, distribution on M. Now fix x e M and let U c M be an open neighborhood 
with metric g e cp such that p is parallel wrt. g on U. One has that Ric 9 (TU) c L v m as 
implied by Proposition 13.21 However, note that this also follows from the well-known fact that 
Ric 9 (TM) ■ ip = for any parallel spinor ip. Moreover, it follows from Lemma \2. 41 or Proposition 
13.11 that dim = dim L v . v + 1. In case that k := dim L Vlu > 0, Hol(U,g) acts reducible with a 
fixed totally lightlike fc-dimensional subspace. If k = p, i.e. ip is a pure spinor on U, it follows from 
Lemma \2. 41 that even a totally isotropic p-form is fixed. If k = p - 1, Hol(U,g) fixes a p-form of 
type o^p = l\ a ... a _ 1 a t b , where i is not lightlike and it follows that even then totally lightlike 
form A ... A/p_ x is fxed by the holonomy representation. If k = it follows from Proposition 13 . 31 or 
Ric 9 (X) ■ ip = that g is a Ricci-flat metric on U. There is a complete list of possible irreducible, 
non locally symmetric holonomy groups for this case as to be found in [Ka99 . We summarize 
these results as follows: 



Proposition 3.5 Let ip be a parallel spin tractor with T-L^ + 0. Then there is an open, dense 
subset M c M such that L v is an integrable distribution on M. Moreover, any x e M admits an 
open neighborhood U c M and a metric g e cp such that ip is a parallel spinor on {U,g) and one 
of the following cases occurs: 

1. k ■■= dim L v + 0. In this case, Hol(U,g) acts reducible with fixed fc-dimensional totally 
lightlike subspace L and Ric 9 (TU) c L. Moreover, if k = p,p - 1 there is a totally isotropic 
parallel fc-form. 

2. k := dim L v = 0. The space (U,g) is Ricci-flat. If it is not locally symmetric and Hol(U,g) 
acts irreducible, then it is one of the list in |Ka99j . 

In split signature (m + l,m) where A^ +1 m admits a real structure and one can speak about real 
spinor fields one can say even more about parallel pure spinor fields: 

Theorem 3.6 ( Ka99], Thm. 8.2) Let (M,h) be a pseudo-Riemannian spin manifold of split 
signature (m + 1, m) admitting a real pure parallel spinor field. Then one can find for every point 
in M local coordinates (x,y,z) , x = (x\, ...,x m ), y = (y , ...,y m ) around this point such that 

m m 

h = -dz 2 -^d^W-^Z U-jd.'/'I'l' , (49) 

i=l i,j=l 

where gij are functions depending on x,y and z and satisfying 

9ij =9ji for i,j = l,...,m, ^ = for fc = 1, (50) 

Conversely, if one uses (|49p and (|5T)|) to define a metric h on a connected open set {/ c M. 2m+1 , then 
(U,h) is spin and admits a real pure parallel spinor. For the generic choice of gij (cf. explanation 
in |Ka99) ) . the dimension of the space of real pure spinors is exactly 1 and Hol(U, h) is isomorphic 
to the image under the double covering A of the identity component of the stabilizer of a real pure 
spinor which is SL(m) « N as given in (ITT1) . 
The Ricci curvature of h equals 

Ric h = 2 y ( d 2 9ki y d 2 g u | ™ d 2 g H dgpi dg ka \ k ^ 

In particular, h is not necessarily Ricci-flat. 
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Similar statements hold in case (p, q) = (m,m), where one has to omit the last coordinate etc. 
As a special application we consider twistor spinors equivalent to parallel spinors in case p = 2. If 
+ {0}, then in the above notation one has a parallel 2-form o? on (U,g). The SO + (2,n - 2)- 
orbit type of this form must be one of the list from Remark 12.71 The first form, a 2 , = l\ a l b 2 
corresponds to a parallel pure spinor. In the second case, a 2 , = l 1, At\ we can conlcude that there 
is a nontrivial lightlike, parallel vectorfield and thus (U,g) is a Brinkmann space. In the third 
case, (U,g) is Ricci-flat (as L v = 0) and Hol(U,g) leaves invariant a (possibly trivial) n - 2m 
dimensional nondgenerate subspace E 1 and is Kaehler on E. It follows with Remark (|2.7[) 
that there is a local splitting (U,g) = (Ui,gi) x (C/2,32), where the first factor is Ricci-flat pseudo 
Kaehler of signature (2,2m- 2) and the second factor (which might be trivial) is Riemannian Ricci 
flat. Moreover, by Leitners argument from |L07| both factors admit parallel spinors. 

4 Twistor spinors admitting simple twistor forms 

In this section we want to give an alternative proof of Proposition ^. 31 under the additional assumt- 
pion that a^ +1 decomposes into a wedgeproduct of p+ 1 one-forms. We can then also treat the case 
T-L^, = {0}. We fix x € M and restrict our consideration to some open neighborhood U of x which 
we will assume to be connected and simply connected. Sometimes, one eventually has to restrict 
to some smaller neighborhood with the same properties which we will not always explicitly state 
and the new restricted neighborhood will again be called U. Let a e ^^(U) be a decomposable 
normal tractor form (not necessarily parallel) and for some g e c fix a frame (s_, sj., s n , s+) of 
T(U) such that (cf. (|27|) 

a = si A a_ + ao + si A si a a T + s b + a a + . 

Then, with respect to this fixed frame, there are exactly two possible (pointwise) normal forms for 
a: 

1. s_- , (s + -'q;) = 0: In this case, a is given by 

a = (a ■ si + b ■ si + c • t^ +1 ) a t\ a ... a t[. 

2. s_- , (s + - l a) + 0: In this case, we have the normal form 

a = (a- s°_ + b-t\+c-t\ +1 ) a (d-s\ +t\) At\ a ...At\_ v (51) 

Here, the ti € TU are orthogonal to each other and contained in the span of the Sj, j = 1, n, and 
a, b, c, d are constants. 

Proposition 4.1 Let ip e T(Sf(M)) be parallel and assume that a 1 ^ 1 e (U) is simple, i.e. 

a^ +1 can be written as the wedge product of p + 1 mututally orthogonal 1-forms. One of the 
following cases occurs off a singular set: 

1. It is dim ker tp = 0. If p = 0, then there exists an open and dense subset U c U and an 
Einstein metric g 6 Cigf which is not Ricci flat. If p > 1 then any point a; of an open and dense 

subset U c U admits a neighborhood V with a metric g € cy such that ( V, g\y) is isometric to 
a product (N\,gi) x (^2,32), where (TV^,^) are Einstein spaces of nonzero scalar curvature 
and dimension p and n - p respectively. 

Moreover, if dim N. t > 3, then Hol(V,c) = Hol(Ni,[gi]) x Hol(N 2 ,[g 2 ])- (fi is not locally 
equivalent to a parallel spinor. 

2. It is dim ker ip = 1. In this case, there is an open, dense subset in U on which is locally 
confomally equivalent to a parallel spinor on a Ricci-flat space. 

3. It is dim ker ip>2. On an open, dense subset there is locally around each point a metric with 
parallel spinor and the holonomy representation wrt. this metric fixes a nontrivial totally 
lightlike subspace. 
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Proof: In case that ker ip = it follows from Lemma [2.41 that a^ +1 is a wedge product of p + 1 
mutually orthogonal, non-lightlike 1-forms. As cy^ +1 is parallel, it follows that Hol(M,c) fixes a 
(p+ 1) -dimensional nondegenerate subspace. If p = 0, the statement is then just Proposition 2.3.2 
from [BJlOj . If p > 1 then the assertion concerning the local geometry of M follows from the local 
deRham splitting theorem for conformal holonomy as presented in [BJ1Q] or in |L07j in more detail. 
Moreover, if there was g e c such that locally V 9 ip = 0, then we have with respect to this metric 
that locally around x (cf. ([34]) ) cr^ +1 = d- st A oc^ for some nonzero constant d. But by Lemma l2~4l 
this implies that s_ € ker ip = {0}. 

The second case of the Proposition follows exactly as in the proof of Proposition 13.31 
It remains to consider the third case. First, note that due to the transformation formula pip we 
can always find a metric gee such that locally around x it holds that a T + 0, i.e. we have to work 
with the second normal form (j5"Tj) . That is, it holds locally around x that 

= (f-sl+g-tl + h- t p+1 ) a (j ■ si + i> ) a t\ a ... a (52) 

for smooth functions f,g,h,j and mutually orthogonal vector fields U. Note that wrt. g 

a p v = ft p At\A...At P _ v (53) 

By the holonomy principle, the parallel form cr^ +1 uniquely corresponds to some Hol x (U,c) in- 
variant algebraic form a = V\ a .... a v p+ \ e A p+1 7i(Af), where the Vi are mutually orthogonal 
and v%,...,Vk are lightlike, where k :=dim ker ip. But then it follows that already v% A ... A is 
Hol x (U,c) c SO + (T X U) invariant. Consequently, the lightlike part 3 e il^^U) of o^ +1 is a non- 
trivial normal twistor k form. From this we conclude that (/ • si + g -tp + h- t p+1 ) has to be lightlike 
on an open, dense subset since otherwise 5_ = on an open set but 5*0 (as follows from (|52")l ). 
Consequently, we may (after eventually relabeling indicees in (|52p ) assume that with respect to g 

a= (/ • si + g + h-t p+1 ) Al At\ a ... A 4_ 2 (54) 

where Z is either (j-s + +t p ) or (depending on which of these two vectors is lightlike). Forming 
5_ from expression (|54l) and comparing it to (|53"|) we see using Lemma 12.41 that 5_ is a wedge- 
product of k - 1 totally lightlike 1-forms, each of which is contained in ker ip. We can therefore 
apply Proposition 12.91 in order to conclude that 5_ is parallel wrt. some rescaled metric g e c0 
and consequently, Hol(V 9 ) fixes a light like subspace of dimension k-1. By the structure of 5_ 
parallelity also implies that H :=ker ip is a (locally) parallel distribution with respect to this metric 
around x. Since [X, Y](x) = (v^-F - VyX) (x) depends on local data of X, Y around x only, it 
follows that ker if is a globally integrable distribution on an open, dense subset of M. 
It remains to show that the spinor ip itself is parallel with respect to our found rescaled metric 
around x: We fix a local section I e r(Hjj) (by restricting U if necessary). It follows from I ■ ip = 
together with the parallelity of Hjj that = V 9 X {1 ■ <p) = (V^-ZJ -p + l- Vx'P = I ■ V 9 x <p- Let (si, s„) 
be a local pseudo-orthonormal frame with I = s\ + s p+ i. Then it follows by Clifford multiplication 
with si that 

si ■ s p+1 ■ V 9 x p = -V 9 x p for all X e TU. 

As p> is a twistor spinor, the spinor := g(X, X)X- V 9 x <p does not depend on the choice of the vector 
field X with g(X,X) = ±1. LetA e l 1 with g(X,X) = ±1. It follows that = -2g(X,l) = X-l + l-X, 
and therefore, I ■ </> = -g(X, X)X ■ I ■ V x <p = for all X e I 1 . On the other hand, choosing X = s\ 
yields 

= I •(/> = -(si + s p+ i) ■s 1 -V 9 Si (p= (-1 + si ■ s p+ i) -V 9 Sl ip= -2V 9 Sl (p 
Consequently, <f>=0, and therefore also V 9 ^ = 0. □ 

9 As we are only interested in considerations in the conformal class we again denote this metric by g in order to 
keep notation short. 
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5 The zero set of a twistor spinor 



In this section we want to describe the possible local shapes of the zero set Z v of a twistor spinor 
tp € T(S 9 ) and study the properties and related local geometries of the spinor off it's zero set. It 
is known that in the Riemannian case the zero set consists of a countable union of isolated points 
(cf. [BFKG91]). For the Lorentzian case, |L09j shows that Z v - if nonempty - consists either of 
isolated points or of isolated images of lightlikc gcodesiscs. Moreover, one has that for a given 
x e Ztp, there is an open neighborhood U of x in M and V of in T X M such that 

Z v nU = exp x (ker D 9 <p(x) nV). (55) 

The proof of (|55p relies on the investigation of the zero set of V^, being a conformal vector field 
with certain additional properties. We show that (|55j) holds in all signatures by making use 
of the holonomy reduction procedure for general Cartan geometries as introduced in CG Hllj . 
Applied to our setting, this reads as follows: Let ip e T(S(M)) be a V nc -parallel spin tractor. 
We view S(M) = Q\ xg Ap+i.g+i- By standard principle bundle theory, ip then corresponds to a 
G-equivariant smooth map ip : Q\ -* A p+ i, g+ i. As ip is parallel, the image O ■= ip ( Q\\ c A p+ i, g+ i 

is a orbit wrt. the G-action, called the G-type of ip. We now bring into play that V" c is induced by 
(Ql, w" c ): Let x e M. We define the P-type of x wrt. ip to be the P-orbit 4>(Q\) c O c A p+1 , g+ i 
which may change over x € M. M then decmposes into a disjoint union according to P-types, 
each of which is an initial submanifold of M. Then Proposition 2.7 from [CGHllj applied to our 
setting immediatly yields the following: 



Proposition 5.1 Let (M pq ,c) be a conformal spin manifold and let tp be a parallel spin tractor 
on (Ql -^M,u nc ). For given g e c denote by ip e T(S 9 ) the corresponding twistor spinor. Let 

x € M. Then there is a parallel spin tractor <p on the homogeneous model (G -> G/P = Q p ' q ,uj MC ) 
for which x' ■= eP e G/P has the same P-type wrt. <p that x has wrt. ip. Further, let ip' correspond 
to (p via a conformally flat metric gst on Q p q . Then there are open neighborhoods N of x in M 
and N' of x' in and a diffeomorphism $ : TV -*■ N' such that Q(x) = x' and 

$(Z v n7V) = Z v ,nN'. (56) 



As locally all possible shapes of the zero set already show up in the homogeneous model, we are 
led to study the zeroes of twistor spinors on C p,q . Using (22) we identify Q p q with the product 
S p x S q c ]RP +1 ' , 3 +1 equipped with the conformally flat metric gst '■= -gs? + gst- We follow |L01) in 
order to construct all twistor spinors on C p,q . We decompose every x e ]R™ +2 = W +1 x W +1 into 
x = (xi,X2)- There is a natural, globally defined orthonormal frame field on the normal bundle 
NQ pq , given by C, {x) = (x u 0) and £ n+1 (x) = (0,x 2 ) for x e Q p > q . The spin structure on C p > q is 
then naturally induced by a standard spin structure on MP +1 ' q+1 , and the spinor bundles are related 

by 

gg; 1 ,"" a Ann (Co + Cn + i) e Ann (Co - C» + i) ; (57) 

Wrt. this splitting, every spinor ip on ]RP +1 ' < ? +1 decomposes into <p = <pi + <P2- For given v e 
Ap + i j9 +i\{0} we let p v (x) := x ■ v for x e yielding a twistor spinor on R p+1,9+1 . Using 

the relation between the spinor derivatives V RP 5 and V^ P 5 it is straightforward to calculate 
that the induced spinor p v .\ is a twistor spinor on (Q p ' q ,g) (with p v .2 = 0), and for dimensional 
reasons, all twistor spinors on the homogeneous model arise this way. One can now give a global 
description of the zero set structure for these twistor spinors: 



Proposition 5.2 Let p := ip Vj i be a twistor spinor on (Q p q ,g = gst), induced by a twistor spinor 
p v on RP +1 '9 +1 as explained above. Suppose that there is x e Z v . Then it holds that 

Z v = exp x (ker D 9 p(x) ) . (58) 
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Note that this generalizes a classical result from |Li89j for the Riemannian case: A twistor spinor 
on the standard sphere admits at most one zero. The proof of Proposition 15.21 is straightforward 
calculation. First, one shows using the formulas in |L01) that D 9 (p V} i(y) = n(-v + |£o • y ■ v) for 
all y e Q pq . In particular, x e Z Vvl implies that ker D 9 ip(x) = {t e T x Q pq \ t ■ v = 0}. Now let 
b e T x Q p,q \{0} with g x (b, b) = (b, b) p+ i, q+ i = 0. One checks that the geodesic through x in direction 
b is given by 5b(t) = cos(i||&i||) • x + sin(£||&i||) • with || • || being the standard Euclidean norm 

on W +1 . If now additionally b ■ v = 0, we have that <5{,(1) • v = as x e Z v , i.e. x ■ v = 0. This 
shows the d direction. On the other hand, suppose that y e Z„. As y ■ v = x ■ v = 0, it follows 
that = (yx + xy) ■ v = -2{x,y) p+ i, q+ iv. Since = 1 for i = 1,2, we find a$ e [0;tt] and 

di e W +1 ,d 2 e R 9+1 with (xi,di) = and ||di|| = ||d 2 || = 1 such that yi = cos(ai) • Xi + sin(aj) • di for 
i = 1,2. The condition (xi,yi) = (x2,yi) then leads to a% = a 2 = a. Thus, 

y = cos(a) • x + sin(a) • d 

for d = di + g?2 6 T x Q p,q . If sin(ci!) + 0, we conclude that d ■ v = 0, and thus d e ker D 9 ip(x). As 
moreover ||di|| = 1, we see that there is t e R with y = a;-cos(i||di||) + •sin(iHdiH) = Sd(t) = ^td(l). 
If sin(a) = 0, we have either that y = x where the statement is trivial or y = -x where we may 
choose arbitrary d € ker D 9 cp(x). □ 

The proof further yields the following for the flat model: Let x' € Z^i and suppose that for 
some w e T x /Q p ' q n W, where W := {w e T x ,Q p ' q \ \f{w,w) n +2 < f } it holds that y = exp x ,(w) = 
S w (l) e Zip'. As (y,y) = it follows that w\ + and w 2 + 0, and the geodesic S w is thus given by 
S w (i) = cos(t||«;i|l)-xi +sin(i||u;i||) • + cos(t\\w 2 \\) ■ x' 2 + sm(t\\w 2 \\) • pf^. Now x',ye Z 9 > implies 

that (x' ,5 w (l)) p+ i : q + i = which yields that cos 2 ( ||wi ||) = cos 2 ( ||zo2 1|) ■ However, w e W implies that 
||wi|| = \\w 2 \\. Consequently, (w, = 0. Now y ■ v = x ■ v = leads to w • v = as in the proof 

of the previous Proposition. This shows that w € ker D 9 ip'(x') . In the notation of Proposition 
I5.1l we can therefore choose N' = exp x ,(V) to be a sufficiently small normal neighborhood of x' for 
some open neighborhood V of in T x >Q p ' q with V c W, and get that 

<f>(Z v nN) = Z v , nN' = exp x , (ker D 9st (p'{x) n V) . (59) 

We now return to general twistor spinors on (M p ' q , c). We claim that in the notation of Proposition 
15.11 for the zero x € Z v it holds that 

dim ker D 9 ip(x) = dim ker D 9st (x'). 

In the notation of Proposition 15.11 and subsection 12.31 we have that 



i/j(x) = [a 9 (l),e-w] => D 9 tp(x) = [l,a(e-w)] 
4>(x') = [a 9st (l'),e-w'] => D 9st tp'(x') = [i',a(e_u/)] 

for spinors w,w' € A p+ i. g+ i. As the P-types coincide, there is p€ P such that 

p ■ (e-iv) = e_ • w . (60) 

We therefore invetigate the P-action on Ann(e-) c A p+ i !(J+ i more closely. Consider the 2-fold 
covering A : Spin(p + 1, q + 1) -> SO(p+ 1, q + 1) which is explicitly given by X(u)(x) = u ■ x ■ vT 1 (cf. 
|Ba8l] ). i.e. 

p • x = X(p)(x) -p. (61) 



Now we can find a e R + , A e 0(p,q) and v e (R)* such that wrt. the splitting RP +1 ^ +1 

A -aAv* 
a , 



e Re + we have that \(p) 



It is then a straightforward calculation 
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using (|6"Tj) and the formulas for the action of X e K ra+1 on Ann(e-)®Ann(e+) that (wrt. appropriate 
bases) p acts as ( ^ ^ j on Ann(e-) ® Ann(e+) for some X e GL(A Ptq ) with 

/i(^) • X = X • (62) 

for a; e R p ' 9 , where we identify Ann(e±) = A Pi(? as explained in (0). (pO)) and (|6"2")l then imply that 
A(kcr e_iu) = ker e_u>' which proves the Proposition. □ 

Another interesting observation is that the quantity ker D 9 ip(x) does not depend on the zero 
x e Z v 0. One way to see this is the structure of the parallel tractor form a^ +1 . We have already 
observed that 

a V> +1 ( x ) = ^ 2 ' s +( x ) A a %<p( x ) for x 6 Z v 

Lemma H3] then yields that dim ker D 9 ip(x) = dim ker ip(x) - 1 and the right side of this equation 
does not depend on x e Z v as ip is parallel. The zero set Z v now turns out to be an embedded 
submanifold of M: Let x e Z v be arbitrary. In the setting of Proposition 15.11 and (|5§|) we choose 
neighborhoods N and N' where we may assume that N' = ex-p x ,(V) is a normal neighborhood 
of x' as in (JSHJ). We then consider $ := (exp^,)^ o $ : N -+ V. Propositions 15.11 and (|5T))) 
yield that §{Z V n N) = ker D 9 ip'(x') n V. We may compose this map with a linear isomorphism 
A x > : T x ,Q p >i ^ E" satisfying A x -(ker D g ip'(x')) = R fe x{0}, and in this way we obtain a submanifold 
chart for Z v around x. This submanifold is totally lightlike, since for every curve 7 with Im 7 c Z v 
the twistor equation yields that 7' \t)-D 9 V(7W) = 0- As D 9 ip(j(t)) + 0, we have that 7 is isotropic. 
In addition, Lemma 3.4.1 from |L01j says in our notation that for every x e Z v one has that 
exp^. (keiD 9 ip(x) n D x ) c Z v , where D x is the maximal domain of definition for the exponential 
map at x. For dimensional reasons, one then has that exp^ (keiD 9 ip(x) n V) is an open submanifold 
of the embedded submanifold Z^nU' for appropriate neighborhoods V of € T X M and U' of x 6 M. 
This yields (1551) for arbitrary dimensions. We summarize our observations: 



Theorem 5.3 Let <p e T(S 9 ) be a twistor spinor with zero. Then the zero set Z v is an embedded 
totally lightlike submanifold of dimension ker D 9 ip(x), where the last quantity does not depend 
on the choice of x e Z v . Moreover, for every x e Z v there are open neighborhoods U of x in M 
and V of in T X M such that 

Z v n U = exp x (ker D 9 (p(x) n V) . (63) 



More loosely speaking, the connected components of the zero set consist either of an isolated point 
or of the image of a null-geodesic or of a totally null-plane etc. A mixture of two of these geometric 
objects cannot occur as the zero set of one single twistor spinor. The whole local geometry of the 
zero set is encoded in the quantity ker D 9 (p(x). In case of a Ricci-parallel metric in the conformal 
class one has stronger results about the shape of the set V appearing in (p3")) as explained in |L01) . 

We next show that the conformal class naturally induces a projective structure on the zero set 
of a twistor spinor. Recall that two connections V and V on a manifold N are called projectively 
equivalent iff there exists a 1-form T e f2 1 (iV) such that 

V X F = \J X Y + T(Y)X + T(X)Y VA,F e X(N). 

A more geometric interpretation is that two linear connections with the same torsion are pro- 
jectively equivalent if and only if they admit the same geodesies as unparametrized curves. A 
projective structure on N is an equivalence class of connections. 

10 Moreover, it does not depend on the chosen metric in the conformal class as can be seen directly from the 
transformation formulas. 
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Proposition 5.4 Let cp e T(S 9 ) be a twistor spinor with Z v + on (ill, c). Then for every gee 
the Levi Civita connection V 5 descends to a torsion- free linear connection V on Z v . If g and g are 
conformally equivalent, the induced connections V and V are projectively equivalent, i.e., there is 
a natural construction 

<p on (M,c) -* (Z v ,[y]) 

from conformal structures and a twistor spinor with zero to torsion-free projective structures on 
the zero set. 

Proof: It follows directly from that for x e Z v the tangent space to the zero set is given by 
T x Ztp = ker D 9 ip(x) c T X M . In particular, ker D 9 ip(x) does not depend on the choice of g e c. For 
given X,Y e X(Z V ) we then set S7 x Y(x) := (^(Fo 7 )) (0), where 7 : (-e,e) -> Z v c M is the 

maximal geodesic in M with 7(0) = x and 7'(0) = X(x). ^L- is the induced derivative along 7. We 
have to check that S7 X Y e X(Z V ). As (Y" • D 9 tp) 07 = 0, it follows that 

eg gg 

Q =—((¥■ D a <p) o 7) = ((v x F) • £>V) o 7 + (y o 7) ■ X— (DV o 7) 



= f /f9(Jfo 7 )-( V O 7 )=0 

Consequently, Vxi^(x) e ker D 9 tp(x) = T X Z V . Clearly, this holds for every metric in the conformal 
class. The fact that V is torsion-free follows directly from the corresponding property of V 9 . Now 
let <? = e 2 ° g be a conformally equivalent metric. There is the well-known transformation formula 

V 9 X Y = V 9 X Y + X(a)Y + Y(a)X - g(X, Y )grad 9 cr. 

As for x 6 Zp the space ker D 9 ip(x) is totally lightlike, it is a direct consequence of the definition 
of V that for all X,Y e X(Z V ) we have 

y x Y = V X Y + da(X) ■ Y + da(Y) ■ X, 

where a ■= &\z v - It follows that V and V are projectively equivalent. □ 

Note that as a direct consequence of the definitions it holds that i*R 9 = i? v , where i : Z v <-*■ M 
and i? v is the curvature tensor of the connection V. In particular, if c admits a flat representative 
then so does [V]. 

It is now natural to ask what can be said about the spinor and associated local geometries off 
the zero set if one knows the (local) structure of Z v . In the Riemannian case, a twistor spinor is 
always parallel on a Ricci-flat space off the zero set. For Lorentzian signature F. Leitner showed 
that in case of an isolated zero the Lorentzian metric is locally off the zero set isometric to a static 
monopole -dt 2 + h where h is a Riemannian Ricci-flat metric with parallel spinor. If the zero 
is not isolated, then off the zero set the space is locally conformally equivalent to a Brinkmann 
space with parallel spinor. Our results from section 3 show that in every signature the spinor is 
locally equivalent to a parallel spinor off the zero set. In fact, let if> e r(<S(M)) be a parallel spin 
tractor with associated twistor spinor ip e T(S 9 ) for g e c. Let x € Z v , It then holds at x that 
ip(x) = [[a 9 (l),e] ,0 + e-w] for some w 6 A p+ i tq+ \. However, this means that s~(x) 6 ker ip( x )- I n 
particular, since the dimension of this kernel is constant over M, Proposition ^. 31 applies and yields 
the next statement. 

Theorem 5.5 Let ip e T(M, S 9 ) be a twistor spinor admitting a zero. Then there is an open dense 
subset M c M with Z v c M\M such that for every x € M there is an open neighborhood U x c M 
such that ip can be rescaled to a parallel spinor on U x . 

Our discussion from section [3] implies further consequences relating the shape of the zero set to 
local geometric structures off the zero set: 
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Proposition 5.6 Let ip e T(S 9 ) be a twistor spinor with nonempty zero set Z v . Then there is a set 
of singular points sing(tp) c M with Z v c sing(ip) such that the following holds: There is < k < p 
such that Z v is an embedded /c-dimensional totally lightlike submanifold. On M\sing(tp), the 
spinor is locally conformally equivalent to a parallel spinor and the corresponding metric holonomy 
representation fixes a lotally lightlike subspace of dimension k. li k = p or k=p-l there is even a 
fixed totally lightlike fc-form. If k = 0, i.e. the zero is isolated, there is locally a Ricci-flat metric 
in the conformal class. 

For the proof we observe first that for the number k appearing in the proposition it holds that 
k = dim ker D 9 ip(x), where x e Z v . It follows int he notation of Lemma [2.41 and Proposition 13.51 
that k = dim T-L^, - 1 = dim L v p - 1 and L v is parallel and totally lightlike (wrt. to a suitable 
metric in the conformal class). □ 

In case p = 2, the discussion from the end of section 3 together with the last statement directly 
leads to the following relation between the shape of the zero set and local geometries: 

Proposition 5.7 Let ip e T(S 9 ) be a twistor spinor with zero on (M 2,n ~ 2 ,g). Then exactly one 
of the following cases occurs: 

1. Z v consists locally of totally lightlike planes. In this case, the spinor is locally equivalent to 
a parallel spinor off the zero set and gives rise to a parallel totally lightlike 2-form. 

2. Z v consists of isolated images of lightlike geodesies. In this case, the spinor is off the zero 
set locally conformally equivalent to a parallel spinor on a Brinkmann space. 

3. Z v consists of isolated points. In this case there is for each point off the zero set an open 
neighborhood and a local metric in the conformal class such that the resulting space is 
isometric to a product (Ui,g\) x (/72,<72) where the first factor is Ricci-flat pseudo-Kaehler 
and the second factor (which might be trivial) is Riemannian Ricci-flat. Both factors admit 
a parallel spinor. 

6 Low dimensions 

6.1 Non-generic twistor spinors 

One important application of the main statement, Proposition 13.31 is the case that tp is a pure 
spinor, i.e. dim T-L^ = p+1. It immediatly follows with Lemma [2.4l that a^ 1 is totally lightlike in this 
case, and thus the third case from Proposition ^, ll applies (if p + 0) yielding important consequences 
in small split-signatures due to the following mainly algebraic observations concerning the orbit 
structure of A Pj9 under the Spin + (p, g)-action as discussed in [BrOO : 

1. In signatures (2,2) and (3,3) every real half-spinor ip e Aj^ m \{0} is pure. Consequently, 
every real twistor half-spinor on (Al 22 ,g) without zeroes is double pure, by which we mean 
that both tp and the associated spin tractor ip are pointwise pure. 

2. In signature (3, 2) every nonzero real spinor is pure. In signature (4, 3) a real spinor ip e A* 3 
is pure iff it is nonzero and (t^, V')a| 3 = 0- With the scalar product formula (|10p one concludes 
that a twistor spinor <p> 6 r(M 3,2 ,5' s ) is double pure iff (p admits no zeroes and (<p,D g tp) = 0. 

3. Similarly one shows that a twistor spinor tp e T(M 3,3 , S 9 ) without zeroes is double pure iff 
{<p,D 9 tp) = 0. 

Using Proposition 14. 1 1 then directly yields the following: 

Proposition 6.1 Real twistor half-spinors in signature (2,2) without zeroes and real twistor 
(half-)spinors without zeroes in signatures (3,2) and (3,3) satisfying that (ip,D 9 ip) = are locally 
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conformally equivalent to parallel spinors (off a singular set). Their associated distributions ker 
ip c TM are integrable (off a singular set). 



Moreover, in the mentioned cases, the locally parallel spinor is real and pure at every point and the 
considered signatures are split signatures. In view of this, Theorem 13.61 gives a local normal form 
for the metric. Consequently, one has a complete local description of the geometries admitting 
non-generic twistor spinors in signatures (3,2) and (3,3). This complements the classification of 
geometries admitting generic twistor spinors in signatures (3,2) and (3,3) from [HSlOj where the 
associated distribution ker ip turns out to be generic. Moreover, since the mentioned non-generic 
twistor spinors are pure, Proposition l5.6l applies. yielding the following about the zero set structure: 

Proposition 6.2 Let ip e T(S 9 ) be a real twistor (half-)spinor in signature (2, 2) or (3, 2). Then the 
zero set Z v -if nonempty- consists locally of totally lightlike planes. For a real twistor half-spinor 
with zero in signature (3,3) the zero set is locally an embedded 3-dimensional totally lightlike 
submanifold. 

6.2 Twistor spinors in signature (4,3) 

We start with algebraic observations: As known from |Ka99j . Spin + (4, 3) acts transitive on each of 
the level sets M c := {v e Af 3 | (v, v) = c} for c * and M o \{0} is precisely the space of pure spinors. 
Moreover, it holds for r e M c+0 that ker r = {0} and (X • r, r) = for all X € R 4 ' 3 . We use this in 
order to describe the orbit structure of Af 4 . According to [BrOOj each N c := {v e Aj? 4 | (v,v) = c} 
constitutes for c + a single orbit. However, A c \{0} decomposes into at least 2 orbits wrt. the 
Spin + (5, 4) -action. 

Lemma 6.3 It holds that ker v * {0} for all v e N c A^ 4 . 

Proof: We realise A^^ = Ann(e-) ffi Ann(e+) = A^ ffi A^ as described in (J7J. With respect to 
this identification, we write v = I T ) for r, \ 6 A43. It follows that a vector x = ae_ + y + j3e+ acts 



The scalar product formula flTUf implies that ueJVo** ( t >x)aJ 3 = 0- K one °f T tX is trivial, the 
claim is obvious. Otherwise, we distinguish two cases: Suppose that (x,x) = ( r : T ) = 0. In this 
case r and x are pure spinors with trivial pairing. It is a classical fact (cf. C97]) that in this 
case ker r n ker x + {0}. (1641) implies that each nonzero element of this intersection lies in ker 
v. Thus it remains to consider the case where (wlog.) (t, t) + 0. If X i R 4 ' 3 • r, we would for 
dimensional reasons have that A43 = R 4,3 -rffiRx which implies that (A* 3 ,r) = in contradiction 
to t + 0. Therefore, we find y e R 4,3 with y ■ r = x- It follows that y ■ x + ||?/|| 2t = yielding that 
e _ _ y _ ML e+ e ker v. □ 

Moreover, one calculates using orbit representatives that ker v = if v 6 N^q. 

Proposition 6.4 Let <p be a real twistor spinor on a conformal space (M 4 ' 3 ,c). Let gee. Then 
exactly one of the following cases occurs: 

1. It is (p,D 9 tp) = 0. In this case the spinor is locally equivalent to a parallel spinor off a 
singular set. One either has locally a parallel pure spinor field with a normal form of the 
metric given by Theorem 13.61 or the spinor is locally a parallel spinor on a space whose 
holonomy representation is contained in G2 ■ 

2. It is (p, D 9 p) + 0. Up to singular points there is locally around each point an Einstein metric 




as 



x -v = 



yr + ax \ 



(64) 
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with nonzero scalar curvature in the conformal class. The twistor spinor cannot be rescaled 
to a parallel spinor but decomposes into the sum of two Killing spinors. 

Proof: Let ip e L(<S) be the parallel spin tractor associated to (p. The scalar product formula 
(fT0|) shows that (ip,ip) = const. • (ip,D 9 ip). Thus, the previous algebraic discussion yields that 
(ip,D 9 ip) = iff ip admits a nontrivial kernel T-L^. It follows that ip is locally parallel by section 3. 
Thus, (p is locally of constant Spin + (4,3) orbit type. This means it is either pure or has trivial 
kernel. The stabilizer of a spinor v e M c ^ c A* 3 is isomorphic to a copy of the exceptional group 
G2 (cf. |Ka99|). This proves the first part. 

(p,D 9 ip) * is equivalent to (ip,ip) + 0. It is known from |Br00j that for every v e N c * c Af 4 one 
has 

X(Stab v Spin + (5,i)) = Spin + (A,3) c SO + (4,4) c SO + (5,4). (65) 

The conformal holonomy representation thus stabilizes a non-null vector yielding an Einstein met- 
ric on an open, dense subset. It is a classical fact (cf. |Bo98j ) that on an Einstein space every 
twistor spinor decomposes into the sum of two Killing spinors. □ 

The occuring local geometries admitting parallel spinors in signature (4,3) are well understood 
(cf. [Ka99| ). Moreover, since dim ker v e {0,3} for all v € A^^O} one has that the zero set 
of a real twistor spinor in signature (4,3) with zero consist locally either of isolated points or of 
3-dimensional totally lightlike planes. In the first case one has locally GVholonomy off the zero 
set, in the second case one locally has a parallel pure spinor off the zero set as follows from the 
dimension of L v and the proof of the last Proposition. □ 



6.3 Twistor spinors in signature (4,2) 

We again start with some algebraic observations. The complex spinor module A42 admits a real 
structure commuting with Clifford multiplication giving the real module Af £3 The same applies 
to A5 3 . We consider the map 

being an isomorphism of Spin + (5, 3)-representations. In this way we can view A5 4 as Spin + (5, 3)- 
module and it holds that (i(v),i(v)) A w. = (v,v) A n ^. Let v e Aj? 3 with (v,v) + 0. (ftJ5"|) then yields 
that 

\(Stab v Spin + (5,3)) c \{Stab v Spin + {b, 4)) = Spin + (A,3) c S'0 + (4,4) c 50 + (5,4). (66) 

However, as also X(Stab v Spin + (5, 3)) c S'0 + (5,3) we see that in fact up to conjugation 
A(5ta6 1 ,S , pin + (5,3)) c S'0 + (4,3) c 50 + (5,3). Thus there is a stabilized non-null vector in M 5,3 . 
If (v, v) = we cannot make a general statement about ker v. There is the subcase of pure spinors 
but it is also possible for v to have trivial kernel. There is no complete orbit classification available. 

In complete analogy to the second case of Proposition 16.41 one now shows the following: 

Proposition 6.5 Let ip e F(M ,S™) be a twistor spinor with (ip,D 9 ip) + 0. Then there is on 
an open, dense subset an Einstein metric with nonzero scalar curvature in the conformal class. 
Moreover, the spinor cannot be resclaed to a parallel spinor. 

We cannot completely describe the case (ip,D 9 ip) = 0. There is a subcase in which ((p,<p) = = 
(D 9 tp, D 9 tp) in which ip is locally conformally equivalent to a parallel spinor. This follows since 



^Note that in contrast to the complex case, A* 2 is irreducible as Spin + (4, 2)-module. Hence there are no real 
half-spinors in signature (4,2). 
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the assumptions gurantee the existence of + X e TM with X ■ tp = X ■ D 9 ip = which implies 
that T-L^p + 0. There is another subcase when tp is parallel and L v = {0} where one has a Ricci-flat 
pseudo-Kaehler metric in the conformal class (cf. the discussion of the p = 2 case at the end of 
section 3). 

For a nonzero spinor v e A4 2 it holds that dim ker v e {0, 2}. Thus, the zero set of a real twistor 
spinor with zeroes in signature (4,2) consists either of totally lightlike nullplanes, where one has 
locally a parallel pure spinor off the zero set, or consists of isolated points and the geometry 
off the zero set is Ricci-flat pseudo-Kaehler. 

7 Outlook 

Proposition l3.3l shows that parallel spin tractors tp e T(S) with TL^ + {0} locally give rise to parallel 
spinors wrt. some metric in the conformal class. It is now natural to ask what happens in case 
= {0}. This is the most interesting case in the classification of geometries admitting twistor 
spinors since it precisely describes the true twistor spinors, i.e. those which cannot be rescaled to 
parallel spinors locally. From an algebraic point of view, i.e. to understand the conditions for the 
conformal holonomy which arise from this case, one therefore has to answer the following question: 

Let v € A P} g be a spinor such that the map W' q 3 X i-> X ■ v e A p>g is injective. What prop- 
erties does this imply for the A-image of its stabilizer, \(Stab v Spin + (p,q)) c SO + (p,q). 

Known examples of stabilizer subgroups of this type appear in |Ka99j and are G2 c S'0 + (4,3) 
and Spm + (4,3) c 50 + (4,4). Moreover, in certain signatures the lift of SU(p',q') c SO(p,q) 
serves as stabilizer of a spinor with trivial kernel. All these groups appear as conformal holonomy 
groups in [Alllj in the list of groups acting transitive and irreducible on the conformal Moebius 
sphere. Moreover it is known that their Lie algebras are Berger algebras (cf. Ba09]). It would 
be interesting to know whether this is true for all stabilzer subgroups associated to spinors with 
trivial kernel. It would provide a classification of all possible conformal holonomy reductions and 
whence of possible geometries in case of true twistor spinors. Up to now this problem could only be 
solved in the Lorentzian case but with a different method. |L07] classifies algebraic Dirac-2-forms 
for all spinors in A2 !rl -2 and their stabilizers yield conditions for the conformal holonomy. It seems 
very difficult to perform an analogous classification for higher order forms and spinors with trivial 
kernel since Lemma \2~%\ is vacuos in these cases and we know nothing about the structure of these 
forms. An first attempt in signature (3,3) has been made in |Gr06] . 

Another interesting area for further research is the geometry of the zero set of a twistor spinor. 
One is interested in the behaviour of the Weyl tensor on the zero set. It is a classical result that 
W 9 (x) = for x e Z v and dim ker D 9 tp(x) e {0, 1}. Whence the Weyl tensor vanishes on the zero 
set if it consists of isolated points or lightlike geodesies. It is not known whether this also holds 
for higher-dimensional zero sets. 

Furthermore, we have shown that there is a naturally induced torsion-free projective structure 
on the zero set. On the other hand, [HSll] presents a Fefferman-type construction which asso- 
ciates to a given m-dimensional torsion-free projective structure a conformal structure of split 
signature (m, m) carrying a twistor spinor. Similar pseudo-Riemannian extensions are also treated 
in |CG09) . |Nu05j . [DW06] . In ongoing research the author studies the relation between these two 
directions. It is of particular interest whether one of the cited extensions inverts our construction 
of a projective structure since this would mean that in certain signatures the whole information 
about the conformal structure with given twistor spinor is already encoded in the geometry of the 
zero set. 
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